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Ecuaciones diferenciales no lineales
bajo perturbaciones del dominio.

(Resumen)

En esta tesis estudiamos el comportamiento de ecuaciones diferenciales no lineales bajo pertur-
baciones del dominio.

En este sentido, extendemos el teorema de V. Sverak presentando condiciones capacitarias
suficientes sobre la convergencia de dominios para asegurar la continuidad de las soluciones del
p(x)—laplaciano y el p—laplaciano fraccionario y luego analizamos la derivada de forma de un
funcional de costo que surge en el trabajo con restauracién de imagenes.

Key Words: Espacios de exponente variable, Problemas no lineales, Perturbaciones del
dominio, Derivada de forma.






Nonlinear differential equations under
perturbations of the domain.

(Abstract)

In this thesis we study the behaviour of nonlinear differential equations under perturbations of
the domain.

In this sense, we present extensions of V. Sverdk’s theorem giving capacitary conditions
on the convergence of the domains in order to obtain the continuity of the solutions for the
p(x)—laplacian and the fractional p—laplacian and then we analize the shape derivative of a cost
functional that appears naturally in image restoration.

Key Words: Exponent variable spaces, Nonlinear problems, Perturbations of the domain,
Shape derivative.






Chapter 1

Introduccion.

Un problema importante en el drea de las ecuaciones diferenciales es la estabilidad de las solu-
ciones con respecto a perturbaciones del dominio. Este problema tiene aplicaciones fundamen-
tales en el computo numérico de las soluciones y es fundamental el los problemas de disefio
optimo de formas. Ver [} 28 142] y las referencias que incluyen.

El famoso ejemplo de Cioranescu y Murat [[10] muestra que este problema presenta severas
dificultades cuando se trata en toda generalidad. De hecho, en [10] los autores toman D =
[0,1] % [0, 1] € R?, definen los dominios Q,, = D\ U:’;:l \Br, (x;fj), donde los centros de las bolas
son xzj = (i/n, j/n), 1 <i,j <n—1ylosradios r, = n2, y muestran que estos £, convergen
a un conjunto vacio en la topologia complementaria de Hausdorff, pero si u, € Hol(Qn) es la
solucién de

—Au, = f enQ,,
u, =0 en 0€),,

entonces u, — u* débil en Hj(D) a la solucién de

—Au* + %u* =f enD,
u'=0 en 0D.

Este ejemplo puede generalizarse a espacios de otras dimensiones, a diferentes conjuntos
acotados D y también a diferentes tipos de holes. Ver [10] y [48].

Hay algunos casos simples en los que la continuidad puede asegurarse. Por ejemplo, si Q
es convexo y {Q,},en €s una sucesion creciente de poligonos convexos tal que Q = Upen2,,
entonces las soluciones de los dominios aproximantes €2, convergen a la correspodiente al do-
minio Q. Este hecho fue analizado por primera vez a fines de los afios 50 y principios de los 60,
ver [6} 29, 30, 31].

Algunos anos mas tarde, en [47], el autor generalizé este resultado y dio condiciones su-
ficientes en términos de la capacidad de las diferencias simétricas de Q y €, para obtener un
resultado positivo. Ver el libro de Henrot, [28]] para una prueba.

1



2 CHAPTER 1. INTRODUCCION.

Mas audn, en [47]], el autor reemplazé esta condicion capacitaria por una geométrica que es
mas simple de aplicar, pero precisa una restricciéon de la dimensién N que debe ser igual a 2.
Esta restriccion proviene del hecho de que en dimension 2, las curvas tienen capacidad positiva.
El problema en dimensiones més altas que 2 permanece abierto. Esta restriccion geométrica es
que el nimero de componentes conexas del complemento de 2,, debe permanecer acotado. Esto
debe compararse con el ejemplo de Cioranescu y Murat [[10].

En las dltimas décadas, ha habido un interés creciente en el estudio de algunos modelos que
surgen de los llamados fluidos no newtonianos. Se trata de fluidos cuya viscosidad varia con
respecto a la velocidad del fluido. El problema modelo para estos fluidos es el llamado operador
p-Laplaciano, que se define como A,u = div(|VulP~2Vu). Este operador es una PDE cuasilineal
que resulta singular para 1 < p < 2, degenerado para 2 < p < ooy cuando p = 2 coincide con el
operador Laplaciano clasico A.

Por lo tanto, las extensiones de los problemas de continuidad con respecto al dominio en el
caso del p—Laplaciano aparecen naturalmente en el area de las PDE.

El ejemplo dado por Cioranescu-Murat luego se extendi6 al caso del p—Laplaciano en [[14]]
y en [[7] los autores probaron la continuidad en el caso no lineal bajo hipétesis similares sobre
la convergencia de los dominios a las presentadas en [47]]. Més atn, los autores en [7]] pudieron
obtener la misma condicidén geométrica que en [47] bajo la restriccién p > N. Una vez mds, esta
restriccion proviene del hecho de que las curvas tienen p—capacidad positiva siy sélosi p > N.
Observemos que en el caso del operador Laplaciano, es decir cuando p = 2, esta restriccion nos
dejacon N = 2.

Finalmente, estudiamos el problema de obtener una imagen que es modelada por una funcién
u: Q — R, donde Q = (0, 1) x (0, 1) c R2, dada una imagen distorsionada /: Q — R.

Asumimos que el error introducido, e = u — I, es pequeio y el objetivo es recuperar u a
partir de / sin hipétesis adicionales sobre el error e. En nuestro trabajo nos enfocaremos en dos
métodos basados en EDP. El primero fue introducido por Chambolle y Lions en [8] en 1997. En
su paper, la imagen es hallada minimizando el funcional

1
mm——(f ww%u+”f |VW¢0+ébf0—lde
28 \J(wvi<p) (IVv]>B) 2 Ja

donde 8 > 0 es un pardmettro que debe ser ajustado por el operador del método para cada
imagen. La idea detrds de este método es que la imagen real debe ser suave en las regiones que
no contengan fronteras (interpretadas como regiones en las que las derivadas no son grandes)
y, en las que contienen fronteras, la solucién debe admitir discontinuidades. El método puede

reescribirse como
! f v B 2
min — | [VyPVD gy + —f(v—l) dx,
28 Ja 2 Ja

donde el exponente p se define como

]2 sit<p
pm_{lsn>ﬁ
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Este método es extremadamente dificil de estudiar rigurosamente ya que el espacio en el que
estd definido el funcional no es un buen espacio funcional. Esa es la razén por la cual, en 2006,
Chen, Levine y Rao introdujeron en [9]] una modificacién por la cual el exponente p se computa
a partir de [ pero es fijo. En este segundo modelo,

S O S
P 1+ kVGy = 112

donde G,(x) = (irexp(—lxl2 /402) es el filtro Gaussiano, con pardmetros k,o > 0. Entonces,
p ~ 1 donde I es discontinuo y p ~ 2 donde / es suave.

Luego, el problema a minimizar es

1 f B 2
min — [ VPP dx+ % f(v — D~ dx.
28 Ja 2 Jo

Considerando un exponente fijo regular, los autores pueden utilizar espacios de Sobolev y Lebesgue
con exponente variables, ampliamente estudiados desde los sesenta. Ver [18].

1.1 Nuestros resultados

1.1.1 Problemas con crecimiento no standard

En estos problemas el operador es no homogéneo para todo p. Un posible acercamiento fue
dado por Orlicz:

. Vu
Agu = —div (¢(|Vu|)m)

, donde ¢ = @’ para alguna funcién ®. Observemos que si ® = %, entonces Ay = A,.

Sin embargo, este no es el acercamiento que nosotros buscamos. En nuestro trabajo consid-
eramos O(x, t). Esta funcién es homogénea para cada x fijo pero la homonegeidad depende del
punto.

Uno de los representantes mas destacados de estas ecuaciones es el llamado p(x)—laplaciano,
que se define como Apyu = div(|Vu[P®~2Vu). Este operador se volvié muy popular debido a
muchas nuevas e interesantes aplicaciones, por ejemplo en el modelado matematico de fluidos
electrorheoldgicos (ver [44]) y en procesamiento de imdgenes (ver [9]]). En estos casos, el expo-
nente p(x) se asume medible y acotado lejos de 1 e infinito.

Por lo tanto, nuestro primer objetivo en esta tesis es presentar una extension de los resultados
de continuidad con respecto al dominio para el caso del exponente variable.

En aplicaciones pricticas, cuando no se tiene control de la sucesién de dominios aproxi-
mantes, esta hipétesis no puede chequearse, por lo que se necesita otra condicién. Sverik en
[47] dio tal condicién. De hecho, dado un dominio acotado D c R? y una sucesion de domin-
ios Q, c D tales que Q, — Q en el sentido de la topologia complementaria de Hausdorft la
condicién que garantiza la convergencia de las soluciones en €, a la solucién en Q es que el
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nimero de componentes conexas de D \ (2, sea acotado. Es interesante comparar con el ejemplo
de Cioranescu-Murat.

Recordemos que la razon por la cual el resultado de Sverdk vale en dimension 2 es que la
capacidad de las curvas en dimension 2 es positiva, mientras que en dimensiones mas altas las
curvas tienen capacidad nula.

El resultado de Sverik luego fue generalizado a ecuaciones elipiticas no lineales del tipo
p—Laplaciano. De hecho, en [[7], los autores prueban la continuidad de las soluciones de
—Apu, = f enQ, C RN,
u, =0 en 0Q),,,
cuando los dominios ,, convergen a Q en el sentido de la topologia complementaria de Haus-
dorft asumiendo que el nimero de componentes conexas de sus complementos permanece aco-

tado. La idea de la prueba es similar a la original de Sverik y entonces se termina teniendo la
restriccién p > N — 1 necesaria para que las curvas tengan p—capacidad positiva.

Nuestro objetivo en esta tesis es presentar una extensién del resultado de Sverdk (y también
del de [[7]) al caso de exponente variable.

1.1.2 Problemas con difusion fractionaria

En los tdltimos afos, ha habido un creciente interés en problemas no locales debido a que estos
operadores demostraron poseer nuevas e interesantes aplicaciones, como algunos modelos para
fisica [[19} 121} 125,134,140, 521, finanzas [4.35,45]], dindmica de fluidos [[12], ecologia [32, 138 143]]
y procesamiento de imégenes [27]].

La dificultad en este tipo de problemas es que para poder conocer el valor del operador
aplicado a la funcidn en cierto punto, es necesario conocer el valor de la funcién en todo el
dominio y no sélo en un entorno del punto.

En particular, el llamado operador (s, p)—laplaciano ha sido extensamente estudiado y hasta
el momento es casi imposible dar una lista exhaustiva de referencias. Ver por ejemplo [16} [15]
y las referencias que contiene.

El operador (s, p)—laplaciano se define como

Ju(x) = u)IP 2 (u(x) = u(y)) d
|)C _ y|n+sp

B

(=Ap) u(x) :=2 p.V.f
RN

salvo una constante de normalizacién. El término p.v. debe leerse como valor principal.
Dados Q and f, el problema

(=Ap’u=f enQ
u=0 en RV \ Q,

f

tiene una dnica solucién y notamos a esta funcion ug,.
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Nuestro segundo objetivo en esta tesis es extender los resultados de contiuidad con respecto
del domino para estos operadores no locales. La pregunta que nos hacemos es la siguiente.
Asumiendo que la sucesion de dominios {€}xen €s tal que € — € en una nocién de conver-
gencia de conjuntos apropiada. Entonces es cierto que ugk {2 en algin sentido? O, mas
generalmente, dar condiciones necesarias y/o suficientes para que ello ocurra.

— U

Recientemente [23]] extendio el contragjemplo de Cioranescu-Murat al (s, p)—laplaciano asi
que, como en el caso cldsico, no se puede esperar una respuesta positiva en toda generalidad.

Luego, nuestro objetivo en este trabajo es hallar condiciones capacitarias sobre las diferen-

cias simétricas Q; AQ para poder obtener la convergencia de las soluciones uék - u{z

1.1.3 Un modelo en restauracion de imagenes

Finalmente, presentamos una aplicacén a restauracion de imdgenes relacionada al p(x)-laplaciano.

Damos un método que aproxima al creado por Chambolle y Lions preservando las buenas
propiedades funcionales dada por el método de Chen, Levine y Rao. Comenzamos por dividir
la regién Q en dos subregiones D; y D, tales que i = 1,2,

D; c Qes abierto, D; = D;, D; N D, = 0, y§=D_1UD_2. (L.1)

Gracias a esta particion, nos aseguramos que D; contiene las regiones con fronteras de la
imagen y D, su complemento. Una manera de crear esta particion es la siguiente:

D ={xeQ: VG, 1| > B}, Diy={xeQ: VG, I <p).

Definimos ahora un exponente p: Q — R dado por

) l1+€e sixe D
X) =
P 2 six € Ds.

Luego computamos # minimizando el funcional

J(v) = % fg IVv[PX dx + § fQ (v —D)?dx.

Para mejorar la imagen hallada, se aplica luego un steepest descent type method iterativo.

Un problema relacionado fue estudiado en [1]]. En ese articulo se demuestra qye los mini-
mizantes son holder-continuos a través de la interfase.

Por lo tanto, para computar el gradiente de J(u) con respecto a D;, consideramos la derivada
de forma (o derivada de Hadamard), que describimos a continuacién. Dado V: RY — R un
campo de deformacién Lipschitz, el flujo asociado {®;},cr se define como

(1.2)

L@(x) = V(Dy(x)), t€R, xeRY
Dp(x) = x x e RV,
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Observemos que O;: RY — RN es un grupo de difeomorfismos. Esto es, @; o &y = Oy y
ol =0,

Asumiremos que supp(V) c Q, luego ®,(Q) = Q paratodo r € R.

Entonces, las regiones D; son deformadas por @, y obtenemos una familia de particiones
D! = ®(D;), i=1,2que verifica (6.1T) y definimos

- l+e sixeD|
x) =
b 2 sixeD.

Observemos que p; = p o ©_;.
Luego, para cada ¢ € R definimos el funcional

1 B
=— | vy —f — N dx,
) 2ﬁfg| W dx+ [ =17 ds

Sea u; el minimizante de J,. Podemos considerar la funcién j: R — R dada por j(¢) = J;(u;).
La derivada de forma consiste entonces en computar j'(0).

En esta tesis hallamos una buena expresioén para tal derivada de forma tal que es posible
computar el campo de deformaciones V que la hace tan negativo como sea posible y entonces
elegir el campo de deformaciones 6ptimo para luego iterar

DY = (id + AtV)(Dy).



Chapter 2

Introduction.

2.1 History of the problem.

One important problem in partial differential equations is the stability of solutions with respect to
perturbations on the domain. This problem has fundamental applications in numerical computa-
tions of the solutions and is also fundamental in optimal shape design problems. See [3} 28, [42]]
and references therein.

The famous example of Cioranescu and Murat [10] shows that this problem presents severe
difficulties when treated in full generality. In fact, in [[10] the authors take D = [0, 1]X[0, 1] C R?
and define the domains Q,, = D\ UZJ‘.ZIIB,H(X?’].) where the centers of the balls xl’.fj = (i/n, j/n),
1 <, j <n—1and the radius r,, = n=2. Then these domains Q, converge to the empty set in the
Hausdorff complementary topology, but if u, € Hé (Qy) is the solution to

—Au, = f inQ,,
u, =0 on 092,

then u, — u* weakly in Hé(D) to the solution of

—Au*+2u* = f inD,
u =0 on dD.

This example can be generalized to other space dimensions, to different bounded sets D and
also to different types of holes. See the original work [10] and also [48]].

There are some simple cases where the continuity can be granted. For instance, if Q is
convex and {€2,},en 18 an increasing sequence of convex polygons such that Q = U,enQ2,, then
the solutions of the approximating domains €2,, converge to the one of Q. This fact can be traced
back to the late 50’s and the beginning of the 60’s, see [6} 29,30, [31].

Some years later, in [47]], the author generalized this result and gave sufficient conditions in
terms of the capacity of the symmetric differences of Q and €, in order to get a positive result.
See the book of Henrot, [28]] for a proof.
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Moreover, in [47]], the author was able to replace this capacitary condition for a geometric
one that is simpler to apply, but he ended up with the restriction on the dimension » that has
to be equal to 2. This restriction comes from the fact that in dimension 2, curves have positive
capacity. The problem in dimensions higher that 2 is still open. This geometric constraint is that
the number of connected components of the complement of 2, has to remain bounded. This has
to be compared with the example of Cioranescu and Murat [10].

In the past decades, there has been an increasing interest in the study of some models coming
from the study of the so-called non-newtonian fluids. These are fluids which viscosity varies with
respect to the velocity of the flow. The model problem for these fluids is the so-called p-Laplace
operator, that is defined as A,u = div(|Vu|P~2Vu). This operator is a quasilinear PDE that is
singular for 1 < p < 2, degenerate for 2 < p < oo and when p = 2 agrees with the classical
Laplace operator A.

Therefore, the extensions of the continuity problems with respect to the domain to the
p—Laplacian case appeared naturally in the PDE community.

The example given by Cioranescu-Murat was later extended to the p—Laplacian case in [[14]]
and in [7] the authors proved the continuity for the non linear case under similar assumptions on
the convergence of the domains to that of [47]]. Moreover, the authors in [[7]] were able to obtain
the same geometric condition of [47] under the restriction that p > N. Again, this restriction
comes from the fact that curves have positive p—capacity if and only if p > N. Observe that in
the case of the Laplacian operator, i.e. p = 2, this restriction leaves us with N = 2.

Finally, we study the problem of obtaining an image which is modeled by a function u: Q —
R, where Q = (0,1) x (0, 1) c R?, given a distorted image /: Q — R.

We assume that the introduced error, e = u— 1, is small and the objective is to recover u from
I without making any further assumptions on the error e. We will focus on two EDPs based
methods. The first one was introduced by Chambolle and Lions in [8] in 1997. In their paper,
the image is found by minimizing the functional

1
min — ( f Vv dx + f Vv a’x) WP f (v —1D)?dx,
28 \J(vi<p) (IVv]>B) 2 Ja

where § > 0 is a parameter that needs to be adjusted by the operator of the method for each
image. The idea behind this method is that the real image must be smooth in regions where
there are no boundaries (which are interpreted as regions where the derivatives are not big) and,
in the ones which contains boundaries, the solution must admit discontinuities. This method can

be re-written as follows
1
min — f VvV gy + b f (v = I)? dx,
28 Ja 2 Ja

where the exponent p is defined as
2 ifr<p
p0) = .
1 ifr>p.

This method is extremely difficult to study rigorously since the space where the functional is
defined is not a good functional space. That is why, in 2006, Chen, Levine and Rao introduced
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in [9] a modification by which the exponent p is computed from 7 but it is fixed. In this second
model,
1

. —
P) 1+ kVG, = IP?

where G,(x) = %exp(—lxl2 /40%) is the Gaussian filter, with k, o > 0 parameters. Therefore,
p ~ 1 where [ is discontinuous and p ~ 2 where I is smooth.

Then, the problem to be minimized is

L1 f B 2
min — | [VoP® dx + 2 f (v — 1?2 dx.
28 Jo 2 Ja

By considering a fixed regular exponent, the authors can use the Sobolev and Lebesgue spaces
with variable exponent, thoroughly studied since the sixties. See [[18].

2.2 Our results

2.2.1 Problems with non standard growth

In these problems the operator is not homogeneous for any p. A possible approach was given by
Orlicz:

. Vu
Agu = —div (¢(|Vu|)m)

, where ¢ = @’ for some function ®@. Observe that if ® = %, then Ay = A,,.

However this is not the approach we were looking for. We will consider ®(x, ¢). This func-
tion is homonegeous for each fixed x but the homogenity depends of the point.

One of the most representative of such equations is the so-called p(x)—laplacian, that is
defined as A,yu = div(|VulP™~2Vu). This operator became very popular due to many new
interesting applications, for instance in the mathematical modeling of electrorheological fluids
(see [44]) and also in image processing (see [9]). Here, the exponent p(x) is assumed to be
measurable and bounded away from 1 and infinity.

So, our first purpose in this thesis is to present an extension of the results of continuity with
respect to the domain for the variable exponent setting.

In practical applications, when one does not have control on the sequence of approximating
domains, this hypothesis is uncheckable, so a different condition is needed. Sverik in [47]
gave such a condition. In fact, given a bounded domain D c R? and a sequence of domains
Q,, € D such that Q, — Q in the sense of the Hausdorff complementary topology the condition
that guarantees the convergence of the solutions in Q, to the one in Q is that the number of
connected components of D \ Q, be bounded. c.f. with the example of Cioranescu-Murat.

Let us recall that the reason why Sverdk’s result holds in dimension 2 is because the capacity
of curves in dimension 2 is positive, while in higher dimension curves have zero capacity.



10 CHAPTER 2. INTRODUCTION.

Sverak’s result was later generalized to nonlinear elliptic equations of p—Laplace type. In
fact, in [7], the authors prove the continuity of the solutions of

-Apu, = f inQ, C RN,
u, =0 on 0Q),,,

when the domains Q, converges to Q in the Hausdorff complementary topology under the as-
sumption that the number of connected components of its complements remains bounded. The
idea of the proof is similar to the original one of Sverdk and so they end up with the restriction
p > N — 1 that is needed for the curves to have positive p—capacity.

Our purpose in this thesis is to present an extension of the result of Sverik (and also the
results of [7]]) to the variable exponent setting.

2.2.2 Problems with fractional diffusion

In recent years, there has been an increasing amount of attention in nonlocal problems due to
some interesting new applications that these operators have shown to possess, such as some
models for physics [[19} 21} 25) [34] 140} 52], finances [4] 35} 45], fluid dynamics [12], ecology
[32] 138 143]] and image processing [27]].

The dificulty in this kind of problems is that in order to know the value of the operator
applied to a function in a certain point, we need to know the value of the function in all of the
domain instead of only in a neighbourhood of the point.

In particular, the so-called (s, p)—laplacian operator have been extensively studied and up to
date is almost impossible to give an exhaustive list of references. See for instance [[16} [15] and
references therein.

The (s, p)—laplace operator is defined as

Ju(x) = u@IP>(u(x) = u(y)) J

=y

B

(=Ap)’u(x) :=2 p.V.f
RN

up to some normalization constant. The term p.v. stands for principal value.
Given Q and f, the problem

(-A)u=f inQ
u=0 inRV\ Q,

has a unique solution and we denote this function by ”{z-

Our second purpose in these thesis is to extend the continuity results respect to the domain
for these non local operators. The question that we adress is the following. Assume that we have
a sequence of domains {Q;}ien such that ; — Q in a suitable defined notion of convergence
of sets. Is it then true that ”{'zk - u{) in some sense? Or more generally, give necessary and/or
sufficient conditions for the above statement to hold true.
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Recently [23] extended the counterexample of Cioranescu-Murat to the (s, p)—laplacian so,
as in the classical setting, one cannot expect a positive answer in full generality.
Therefore, our purpose in this work is to find some capacitary conditions on the symmetric

diference ; AQ in order to have convergence of the solutions ugk — u'g.

2.2.3 A model in image restoration

Finally, we present an application to image restoration related to the p(x)-laplacian.

We give a method that approximates the one created by Chambolle and Lions preserving the
good functional properties given by the one presented by Chen, Levine and Rao. We start by
dividing the region Q into two sub regions D; and D; such that fori = 1, 2,

DiCQisopen,E:Di, DinNDy, =0, andﬁ:D_luD_z. 2.1

By this partition, we make sure that D; contains the regions with boundaries of the image
and D, its complement. One way of creating this partition is the following:

D ={xeQ: |VGy+1| >}, Dy={xeQ:|VGy=I|l<p}.

We define an exponent p: Q — R given by

l+e ifxeD
p(x) = .
2 leEDz.

Then we compute u by minimizing the functional

J(v) = 2—1/3 fg IVIP® dx + g fg (v —1)>*dx.

In order to improve the image found, we then apply an iterative steepest descent type method.

A related problem was studied in [1]]. In that article it is shown that minimizers are holder-
continuous across the interfase.

So, to compute the gradient of J(u) with respect to D;, we consider the shape derivative (or
Hadamard derivative), which we describe now. Given V: RY — R a Lipschitz deformation
field, the associated flow {®,},cr is defined by

{%d),(x) = V@), teR xeRY 2.2)

Dp(x) = x x eRN,

Let us observe that ®,: RY — R" is a group of diffeomorfisms. That is, ®; o ®; = ®,, and
ol =0,
We will assume that supp(V) C Q, so that ,(Q) = Q for every ¢ € R.
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Then, the regions D; are deformed by @, and we obtain a family of partitions D; =®,(D)), i=
1, 2 that verify (6.11)) and we define

o l+e ifxeD|
x) =
P72 ifxenn.

Observe that p; = po ®_,.

Then, for each r € R we define the following functional

1 B
=— | @y —f — N?dx,
Ji(v) 2ﬂfg| VP dx+ 2 Q(v ) dx

Let u; be the minimizer of J;. We can consider the function j: R — R given by j(¢) = J:(u,).
The shape derivative consists then in computing j’(0).

In this thesis we find a good expression for such derivative, so that is possible to compute
the deformations field V which makes it as negative as possible and so choose the optimal de-
formation field to then iterate

DY ~ (id + AtV)(D)).

2.3 Thesis Description.

After this introduction, the thesis is organized as follows.

In Chapter 2, we revise the definitions and results on variable exponent spaces, fractional
order Sobolev spaces and fractional capacities that are needed in the rest of the thesis.

In Part 1, we study the stability of solutions of nonlinear problems with respect to pertur-
bations of the domain. This part of the thesis is divided in Chapter 3, in which we present the
fractional case, and Chapter 4, in which we present the variable exponent case.

In Chapter 3 we present our main result on fractional order Sobolev spaces.
Chapter 4 is organized as follows.

In section 4.1. we study the Dirichlet problem for the p(x)—laplacian, the main result being
the continuity of the solution with respect to the source. Although some of the results are well
known, we decided to present the proofs of all of the results since we were unable to find a
reference for these.

In section 4.2. we analyze the dependence of the solution of the Dirichlet problem for
the p(x)—laplacian with respect to variations on the domain. Our two main theorems here are
Theorem where a capacity condition on the sequence of approximating domains is given
in order for the continuity of solutions to hold, and Theorem [#.18] where it is shown that the
continuity only depends on the approximating domains and not on the source term.

In section 4.3. after giving some capacity estimates that we needed, we collect all of our
results and prove the main result of this part of the thesis, namely the extension of Sverdk’s
result to the variable exponent setting, i.e. Theorem|[6.3.5]

In Part 2, we study the Hadamard derivative in image restoration problems.



Chapter 3

Preliminaries.

Many of the results that we present in the following Preliminaries are wellknown but we include
them for this thesis to be selfcontained.

3.1 Variable Exponent Spaces.

The standard reference for this is the book [18]]. Some results are slight variations of the ones
found in [[18] and in these cases we present full proofs of those facts (c.f. Theorem 3.54).
3.1.1 Definitions and well-known results
Given Q c R" an open set, we consider the class of exponents P(Q2) given by
PQ) :={p: Q - [1,0): pis measurable and bounded}.

Given a variable exponent p € P(Q), the variable exponent Lebesgue space LP™(Q) is
defined by
LP(Q) = {u € L}, (Q): ppoy(u) < oo},

where the modular p,(y) is given by

ppti) = [ .
Q
This space is endowed with the Luxemburg norm
lll oy = ldlp. = lullp = inf {2 > 0: ppn(4) < 1},

The infimum and the supremum of the exponent p play an important role in the estimates
as the next elementary proposition shows. For further references, the following notation will be
imposed

1<p_:= essQinfp < esstupp =: p; < oo,

13
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The proof of the following proposition can be found in [22, Theorem 1.3, p.p. 427]. We include
it for convenience of the reader.

Proposition 3.1. Let u € LPY(Q), then

min{||ul|?

llaall?

} < i) < max{llull g, Il .

p(x)’ p(x)

Remark 3.2. Proposition 3.1} is equivalent to
. Bl Bl € €
min{p ) (1) 7=, P poy (@) 7+ } < Ml pxy < max{p (@) 7=, pp (@) 7+ }.

We first present the statement and proof of a lemma that will be used in the proof of Propo-

sition

Lemma 3.3. Sea u € Lp(x)(Q). Entonces,

1. Sillull,xy > 1, entonces IIMIIZX) Ppo(u) < [[aa][P* s
P+
2. Sillllpy < 1, entonces ull7y, < ppy(u) <

Proof of Lemma[3.3] 'We will prove[lI] The proof of 2] is analogous

Let us call a = [|ul| ). Since a > 1, we know that - 1 — for all x € Q. Then,

up+ — ap(x) — al’
1 1 u(x)
- p(x)
ap+pp(x)(”) = - fg; ()| Mdx < L| p

. u(x) |p(x) u
Since [lull . = a. then fQ [ e = py() = 1.

‘We therefore obtain that a%pp(x)(u) <landl1 < a,%pp(x)(u), as we wanted to prove. O

px)

1 1
dx < — L |u(x)|p(x)dx = anp(x)(u)-

Proof of Proposition It is enough to note that, by Lemma[3.3] we have that

min(lull”; el ) < Ppo () < maxill . i, )
from where we deduce the lemma. ]

Proposition 3.4. Given u € LP™(Q), then
||u||Lp<x>(g) <1 <:>pp(x)(u) <1.

Proof. Letus assume that ppy) () < 1. Then 1 € {1 > 0: pp(§) < 1} and therefore ||ul| 0 q) =
inf{d > 0: pp(§) <1} < 1.

Let us now assume that [|ul|zr(xy@) = inf{d > 0: pp(§) < 1} < 1. Then, ppiy(4) < 1
u

for every 4 > 1. So we can conclude that p,y(u) = /llin]1+pp(x)(z < 1, which completes the

proof. O
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We will use the following form of Holder’s inequality for variable exponents. The proof,
which is an easy consequence of Young’s inequality, can be found in [18, Lemma 3.2.20].

Proposition 3.5 (Holder’s inequality). Assume p_ > 1. Let u € LP®(Q) and v € LP'“(Q), then

f luvl dx < 2lullpeo VI p
Q

where p’(x) is, as usual, the conjugate exponent, i.e. p'(x) := p(x)/(p(x) — 1).

Proof. Let us assume first that [[ull ) = |IVll,r(x) = 1. Then, by Young’s inequality, we have
p(x) p'(x)
j\mmmexstﬁﬁL_dx+ MO <j\mmwmdx+ijwwmdx—z
Q o p) o P

Now, for the general case, let us consider it = and ¥ = . Then, the proof follows

A
||M|| () (VI ¢y

from applying the previous case.

O

Proposition 3.6. Let p,q € P(Q) such that 1 < p < g a.e. Q. Assume that Q is a set of finite
measure. Then,
Lq(X)(Q) PN LP(X)(Q)

with continuous inclusions.

Proof. The proof is an immediate consecuence of Holder’s inequality. In fact, if u € LI¥(Q),
by Proposition [3.5/and Remark

IMWMW<MWWMWW0_ meMm

p(x)
Since u € LIM(Q), we have that u € LPX(Q). |
The proof of the next lemma can be found in [[18, Proposicion 4.6.3, pagina 125].
Lemma 3.7. Let K the standard mollifier and p € P'°S(RN). Then, for every u € LP®(RN)
llu + Kellpoy < cllullpon K-

Proposition 3.8. Let K be the standard mollifier, p € PS@RN) yu € LPORN). Then, uxK, — u
en LPORN),

Proof. Let § > 0. By the density of simple functions in LP®(R™), there is a simple function v
such that [|u — ||,y < 6. Then,

[l * K¢ — u”p(x) <= Kg — v”p(x) +(u—v)* Kg — (u— V)Hp(x)-
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Since g is simple, we know that g € L'(RN) n LP+(RM) and, in consecuence, v * K, — v in
L'@®RN) n LP+(RN).

By Proposition we have that v * K, — v in L"O(RV).

By Lemma|[3.7]

1 —v) * Kg — (u — V)”p(x) <cllu— V”p(x) < co.

Se we can conclude that
limsup lu * Ky — ul| ) < 0.

Therefore ||u K — ull,xy — 0 when € — 0, as we wanted to proove. O

The variable exponent Sobolev space WP is defined by
WPORN) = {u e Wil ®RY): ue LPO®RY) and du € LPO®RN) i =1,..., N},

where 0,u stands for the i—th partial weak derivative of u.

This space posses a natural modular given by
pl,p(x)(”) = fN |u|p(x) + |Vu|p(x) dx,
R

so u € WLPORNY if and only if 1 () (1) < oo.
The corresponding Luxemburg norm associated to this modular is

el vy = Ml pioy 1= nf {4 > 02 py ey (%) < 1),

Observe that this norm turns out to be equivalent to [[u]| := [[ul|px) + [[Vull pex)-

In most applications is very helpful to have test functions to be dense in W'"?®(RN). It is
well known, see [18]], that this property fails in general, even for continuous exponents p(x).
In order to have this desired property one need to impose some regularity conditions on the
exponent p(x). This condition was introduced in [S1]].

Definition 3.9. We say that p: Q — R is (locally) log —Holder continuous in Q if

sup log(e + [x =y ™ HIp(x) = p()| < co. 3.1)
x,yeQd
XFYy

Set Pl°¢(Q) = {p € P(Q): p satisfies (B.1))}.

Theorem 3.10. Let p € P8(Q). Then C*(Q) N WPI(Q) is dense in WHPI(Q).

Proof. Letu € WHPO(Q). We fix £ > 0, define Qy = 0 and, form = 1,2, ... and xo € Q fixed,
we denote

1
O, = {x € Q: dist(x,0Q) > —} N B(xg, m)
m
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and Uy, := Quit \ Qe
Consider {&,}men in C2°(Uy,) such that 33> £,(x) = 1 for every x € Q.
Let K be the standard mollifier. Then, for each m there is §,, such that

supp((§mu) * K(Sm) c Uy,

By Proposition [3.8] choosing a smaller 6,, if necessary, we obtain that
&
||€mu = (&pu) * Kﬁ,,,”l,p(x) < 2_m
Let us denote

Uy = Z(gmu) « Ky . (3.2)

m=1

Since x € Q has a neighbourhood where the summ only has finite terms that are not zero
and, therefore, u, € C* (). More over,

e = el py = e = > Emt) * K Il po

m=1

=l > &n = > Ent0) * Ko, Il pcy
m=1

m=1

=11 um = Eni) * Kol po

m=1

M

< ||u§m - (fmu) * K&,nlll,p(x)

1

mn

Ms

<
E.
1

3
I

So the proof is completed. O

One important subspace of WP (RV) is the functions with zero boundary values. This is
the content of the next definition.

Definition 3.11. We define W(;’p (x)(Q) as the closure in W'P™(Q) of functions with compact
support.

Now we present the result that shows that, if the exponent is log —Holder continuous, we
have the density of smooth functions.

Theorem 3.12 (Theorem 9.1.6 in [18]). Assume that p € P2(Q), then Wé’p (x)(Q) coincides
withf the closure of C.X (L) with respect to the norm whrQ).
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Proof. Itis clear that any element of the closure of C;°(€2) with respect of the norm of whr(Q)
is an element of Wé’p @ Q) c WP Q).

Letu € Wé’p @ (Q). By the Theorem , we can consider {u;}iey € C*(Q) N WHPW(Q)
such that u; converges to u in WH7™(Q).

Lety € C°(Q) such that 0 < ¢ < 1 y ¥ = 1 in the support of u. Since u; — yu; = 0 in the
support u, we have

lleei — lﬁ”i”wl,pm(g) = |lu; - lpuiHWl.p(x)(Q\supp(u))

IA

Cy ||Mi”W1vP(~")(Q\supp(u))

cy llu; = ullyr.r0@\suppuy)

< ¢y lui = ullyiro @) -
Then,
[|ee — lﬁ”i”whp(x)(g) < lu— ui”Wl,p(ﬂ(g) + |lu; - l/’”i”wl,p(x)(g) <+ Cz//) [lze — ”i”Wl,p(x)(Q) .

And so, since [|u; — ully10(qy converges to 0, we can conclude that yu; converges to u in
W),

Since each u € Wé’p (x)(Q) can be approximated by functions Sobolev of compact support,
we can find a sequence in C;°(Q) that converges to u, as we wanted to prove. m|

Now we present the Rellich Kondrachov theorem for the variable exponent case.

Theorem 3.13 (Rellich Kondrachov Theorem.). Given p, g € P(Q) continuous exponents such

that p* < N and g(x) < AI,V_‘D!SX) for each x € Q.

Then, the embedding W'"P9(Q) — LIX(Q) is continuous and compact.

The proof of the following theorem can be found in [[18, Theorem 8.2.4].

Theorem 3.14 (Poincaré’s inequality.). Let p € P(Q) a continuous exponent. Then there exists
a constant ¢ > 0 such that

1,
lullp) < cliVullp, € WyP ().

Proof. Let us suppose that for every n exists u, € Wé’p @ (Q) such that ||u,]| 2o > 1lVityll ).

Let us consider v,, = ”u"l—‘”() Then,
nllp(x

”Vun”p(x) 1
IVl = ———22 < = (3.3)
PO Nl

Then, {v, },en 1s bounded in WP (x)(Q) and so there exists a subsequence, which we denote
0
p(x) ; Lp(x)
nin n ) . b
{Vulien and v € LPY(Q) such that v vin W7 (Q) and also, by Theorem

vy = ven LPYQ). (3.4)
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Let ¢ € C°(Q), by Proposition 3.5} (3.3) and (3.4), we have
f V(X)py;(x)dx = lim f V() (x) dx
Q n—oo Q
- 1im f () (Dg(x) dx = 0
n—o Jo

So, Vv = 0 and, then, v is constant. Since v € Wé’p (X)(Q), we conclude v = 0, which is an absurd
because ||v[|,x) = 1 (is it enough to observe that |[v,||,») = 1 by definition), which completes the
proof. O

Remark 3.15. Thanks to Poincaré inequality, as usual, in Wé’p (x)(Q) with p € P°¢(Q) the fol-
lowing norm will be used,

il gy = 190l
This norm, is equivalent to the usual norm in WPO(Q) for functions u € Wé’p ) Q).

Definition 3.16. We denote by W~'»"®)(Q) the topological dual space of Wé’p D).

The duality product between u € W=1""®(Q) and v € Wé’p @ (Q) will be denoted, as usual,
by (u, v).
The norm in this space will be denoted by

1,
el -1y = Ntll=1,p () = supf{u, v): v € W, PO, VWl pey < 1)
We now present a result which we will find most useful later.

Proposition 3.17. Given Q of finite measure, the space L®(Q) is dense in WP (Q).

Proof. By Holder’s inequality we have that W(;’p Q) c W(;’p Q) c Wé’p ~(Q) with continuous
embeddings. Since C.°(QQ) C Wé’p “(Q)and p € Pog(Q) we have the embeddings are dense.

Therefore,
W—L(P—)'(Q) c W—LP'(X)(Q) c v‘/—l’(m)'(g)7

with dense embeddings. Finally, since L>(Q) is dense in w-LP-Y (Q), we have that L=(Q) is
dense in WP’ (Q). m|

Analogous to the constant exponent case, we have the following characterization of W12 (Q).

Proposition 3.18. Let f € W= 12"0(Q). Then, there exists {fi}?io c LP"™(Q) such that

N
(fuy = fg foudx—; fg fduudx.

We will then say that f = fy + Zﬁl 0ifi. Moreover, the norm

N N
il = inf{z fllyco: £ = fo+ D difis fr€ IV O(Q),i=0,..., N},
i=0 i=1
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verifies

1A l-1pr 0 < ClIflls

Proof. The characterization of W17 ®(Q) follows exactly as in the constant exponent case. It
remains to see the inequality || f]l-1,,7x) < CIIfl«.

Observe that || - ||, clearly defines a norm in W=17"(Q).

Let us now take fo, fi,..., fu € LP'®(Q) such that f = fy + Zfil 0;f; and consider v €
Wy P (©) such that [V¥]lpc = 1.

By Holder’s inequality (Proposition and Poincaré’s inequality (Theorem[3.14), we have

N
= | [fov+sz3”] dx
i=1

N
< 2l follyr oMl +2 > Il colldavllpeo
i=1

N
< C|Wfollyrco + ) ||f,-||,,f<x>].
i=1
Therefore,
N
WAll-1p = sup (fiv) <Cllfollye + Z Ifillpr o |
”VV”p(x)zl =1
o)
1 1l=1,pr ) < Cllf Nl
, which completes the proof. O

Remark 3.19. Let now D C R be a bounded, open set and let Q C D be open. Then, we have
that Wé’p WD) ¢ Wé’p (D), the inclusion being canonical, extending by zero. This inclusion
induces W-1-r'0 (D) ¢ w-LP'@0(Q) by restriction. Therefore, when dealing with sets () that are
subsets of D, if one is considering f € W-LP'O(Dy and u € Wé’p (x)(Q) there is no ambiguity in
the notation (f, u).

3.1.2 p(x)-capacity and pointwise properties of Sobolev functions

We need the concept of capacity modified to deal with pointwise properties of functions in
W(;’p @(Q). This is the concept of p(x)—capacity. See [I8] Chapter 10].

Throughout this section we assume that Q is a bounded open set of RY.

Definition 3.20. Given E c R, we consider the set

S po(E) = {u € WHPW(@®RN): > 0and u > 1 a.e. in an open set containing E} .
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If S ) (E) # 0, we define p(x)—Sobolev capacity of E as follows

cap,(E) = inf ulP® + |VulP@dx = inf u).
Poco(E) UES iy (E) szl | IVl uESp(X)(E)p 1peo (1)

If S () (E) = 0, we set cap,,(y(E) = co.

Definition 3.21. Let p € P'°¢(Q) and K c Q compact, we define the p(x)—relative capacity as

capyy(K. @) = _ind oo (Vi)
where R,(K,Q) = {u € Wg’p(x)(Q): u>1lae. in Kandu > 0a.e. in Q}.
If U c Qs an open set, we define cap,,,(U,Q) =  sup cap;(x)(K, Q).
KcU

K compact

Finally, if E c Q is arbitrary, we define the p(x)— relative capacity of E with respect to Q as

cap,,»(E, Q) = EcirLlfch cap (U, Q).
U open

The main advantage of the relative capacity is the fact that it is possible to obtain a capacitary
potential, i.e. a function whose modular gives the capacity of a set.

To this end, let D c RN be a bounded open set and let A ¢ D. Consider the class

Iy = {v € Wé’p(x)(D): v > 1 a.e. in an open set containing A},

the closure being taken in Wé’p (x)(D).

Remark 3.22. Observe that since I'y C Wé’p (x)(D) is closed and convex (the closure of a convex
set is convex), it follows that is weakly closed. This fact will be used in the next proposition.

Now we show that the relative capacity of a set is realized by a function in I'4.

Proposition 3.23. Let p € P°4(D) be such that p— > 1. If Ty # 0, then there exists a unique
up € I'q such that

mmwm=ﬁmw%m
Proof. Consider {v,},en C Wé’p (x)(D) such that v, > 1 a.e. in an open set containing A and
f Vv, P? dx — cap (4, D).
D

By Theorem [3.14]and Proposition 3.1} we have

€1 1
||an||p(x) < max{pp(x)(Vv,,)f'+ ’pp(x)(vvn)p_ ).
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Then, {v,},en 1s bounded in Wé’p (x)(D), which is a reflexive space. By Alaoglu’s Theorem, there
is a subsequence Vn; = Veo in Wé’p (x)(D). By Remark , Voo €I'4.
Observe that

. (x)
fD [Vveol”™ dx < liminf fD Vv, | dx = cap (A, D).

Since the reverse inequality is obvious, the first part of the Proposition is proved.

The uniqueness is an immediate consequence of the strict convexity of the modular, since
p- > 1. We leave the details to the reader. O

We can now give the definition of capacitary potential.

Definition 3.24. We define the capacitary potential of A such as the only u4 that verifies
f Vs dx = inf f [V dx = cap (A, D).
D vely D

It is well known that when dealing with pointwise properties of Sobolev functions, the con-
cept of almost everywhere needs to be changed to quasi everywhere. This is the content of the
next definition.

Definition 3.25. An statement is valid p(x)—quasi everywhere (p(x)—q.e.) if it is valid except in
a set of null Sobolev p(x)—capacity.

Definition 3.26. Let D c R" be an open bounded set, Q C D is p(x)—quasi open if there is a
decreasing sequence {W,},en of open sets such that capp(x)(W,,, D) converges to 0 and QU W, is
an open set for each n.

Definition 3.27. A function u: Q — R is p(x)—quasi continuous if for every € > 0, there is an
open set U such that cap p(x)(U, Q) < & and u|g\y is continuous.

Remark 3.28. Ovserve that if u and v are p(x)—cuasicontinuos, then u + v, au with a € R,
min{u, v} and max{u, v} are also p(x)—cuasicontinuos.

Lemma 3.29. Let p € PRN). Then, for each Cauchy sequence with respect to the norm
WLPORN)Y of functions in C(RN) N WHPOI(RN), there is a subsequence that converges point-
wise p(x)— a.e. in RV,

More over, the convergence is uniform outside a set of arbitrary small p(x)—capacity.
Proof. Let {u;}ien a Cauchy sequence in C RNy n WHPO(RM),
Considering a subsequence if necessary, we can assume that for every i € N we have

1

[lot; — ui+1”1,p(x) < E

Let us denote U; = {x € RV : |u;(x) — ujz1(x)] > %} and V; = U;»;U;.
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If v = 2'u; — ujp1], then v € WHPORN) and VIl pe = 27 i — il pry <

Then, by Proposition P1p(V) < %
Therefore

L
20

1 i
caPp(x)(Vj) = Capp(x)(uisz[) < Z capp(x)(U,-) < Zpl,p(x)(v) < Z 5 <215/ 50

i>j i>j i>j
So we can conclude that lim cap,,,,(V;) = 0.
J—)OO
Ifv= m;‘;l\/j, we have that cap (V) < cap,,,(V;) = 0.
Therefore, {u;};en converges point-wise in RN\ V and capp(x)(V) =0.
Now given & > 0, let us consider jjy such that cap ,,,(Vj,) < &.

Let x € RV \ Vj,, then x € (V;))° = (U;»,Ui) = Ni»j, U?. Therefore for every i > jo,

1
ui(x) — w1 (X)] < =

2
Then, given k > [ > jy,
k=1 k=1
a(x) = ] < ) i) = wpr (0] < 5 <217
i=l i=l
And so the convergence in RV \ Vi, s uniform, which completes the proof. O

Corollary 3.30. Let p € Plog(RN), Therefore, for every u € WHPORN), there is v € WHPIO(RN)
p(x)—cuasicontinuous such that u = v a.e. in RV.

Proof. Letu € W'P@(RN), By density, we can consider a sequence {1;};ey in C2°(RY) such that
uj — uin WHPO(RN).

By Lemma [3.29] there is a subsequence of {u;};c that converges uniformly outside a set of
arbitrary small capacity. Since uniform convergence implies the continuity of the limit function,
we get a continuous function outside a set of arbitrary small capacity. O

The proof of the next theorem can be found in [18 Corollary 11.1.5]. We include it for the
convenience of the reader.

Theorem 3.31. Let p € P2(Q) with 1 < p_ < p, < co. Then for each u € WP (Q) there
exists a p(x)—quasicontinuous function v € WHP(Q) such that u = v almost everywhere in Q.

Proof. Let z € Q. We define
1
Q; = {x € Q: dist(x,0Q) > <=} N B(z, 0).
l

Let us consider {¢/;}ieny C C°(2) such as ; = 1 in Q;. Then, uy; € Wwhr(RNY and ui =u
in Q,’.
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Since wy; € WHPIO(RN), by Corollary , there exists v; € WHPO(RN) p(x)—quasicontinuos
such that v; = wy; almost everywhere RV,

Let j > i. Since wyy; = u in ;, we have that v; = v; almost everywhere ;. Then, v; = v;
p(x)—ctp Q;.

Let £ > 0. Let us consider V; ¢ RV such that Vilry\y, is continuos, v; = v;_ in ;1 \ V; and
cap (Vi) < 5.

Let us denote it(x) = v;(x) where i is the smallest natural number such that x € B(z,i) y
dist(x, Q) > 1.

Observe that we have & = u almost everywhere €, ITL|Q\U}>31 v, is continuos and verifies

) - > £
cap (U2 Vi) < Z cap,,,(Vi) < Z > <e.
=1 i=1
As this holds for every & > 0, the proof is completed. 0

Remark 3.32. Itis easy to see that two p(x)—quasi continuous representatives of a given function
u € WhHP™(Q) can only differ in a set of zero p(x)—capacity. Therefore, the unique p(x)—quasi
continuous representative (defined p(x)—q.e.) of u € W@ (Q) will be denoted by ii.

Proposition 3.33. Let p € P(Q). Then,

cap;(x)(l(, Q) = inf pp(x),Q(Vu)

MGRP(X)(K,
where RP(X)(K, Q) ={ue WHr®WQ)nCo(Q): u>1enK).
Proof. Since R, (K, Q) C Ry (K, Q), we have

inf o(Vu) £ inf o(Vu) = cap® (K, Q).
ueFK, o) PP e Pp)

Given & > 0, there is u € R (K, Q) such that

pp(x)’g(vu) < inf pp(x)’Q(Vu) + &.
MGRP(X)(K,Q)

Let us consider v = (1 + &)u > 1 in K. Observe that v € Ry (K, €2). Therefore

cap’ (K,Q) =  inf Vu
Py (K, Q) wer " (K,Q)pp(x),ﬂ( )

< Ppoa(Vv) = f Voo™ dx
Q

= f (1 + &)PO|Vu(x)PVdx
Q

<1+ 8)p+pp(x)’Q(lel).
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And so, given € > 0, we have

cap) (K. Q) < (1 +&)( _inf  pyma(Vu) + &)

UER (o (K.Q
Then we can conclude
cap;(x)(K, Q)= _inf pyaVu),

UER p( 1) (K, Q)

which completes the proof. O
Proposition 3.34. Let p € P(Q) and K C Q a compact subset. Then,

cap), (K, Q) = cap,, (K, Q).

Proof. From the definition, follows the fact that cap;(x)(K, Q) < capp(x)(K, Q).
Given & > 0, let us consider u € R (K, ) such that

Ppeo(Vu) < cap;(x)(K, Q) +e.

Observe that u > 1 en U = u~!(1, c0), which is an open set containing K (since u € R)(K, Q)).

Let us also observe that u > 1 in every compact set K ¢ U c Q and, in consecuence,
ue Rp(x)(k ,Q) for every K c U compact set. Therefore,

cap, (U, Q) = sup cap;(x)(l?, Q)
_ KcUu
K compacto

sup ( inf_ pp(x)(Vv))
KCU VERp(x)(K7Q)
K compacto

sup  Pp(x (Vi)
KcUu
K compacto

Ppo(Vu).

IA

So we can conclude that, given € > 0,
cap (K, Q) < cap (U, Q) < pp(Vu) < cap;(x)(K, Q)+ e,
which completes the proof. o

Remark 3.35. Given K a compact set, let’s see that capp(x)(K, Q)= inf capp(x)(U, Q).
KcU
U abierto
Let ¢ > 0, consider u € W™ (Q) N Cy(Q) such that ¥ > 1 in K y Pp(Vu) < &+
cap (K, Q).
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Consider U = {(1 + &)u > 1} an open set and K| = {(1 + &)u > 1}, which is a compact set (it
is bounded because u# has compact support and it is clearly closed). Then, K ¢ U C K and, in
consecuence,

I%rclg capp(x)(U, Q) < capp(x)(U, Q)
U abierto
< cap (K1, L)
< ppo(V((L + &)
< (1+ )" pp(o(Vu)
<(1+e&lf(e+ cap (K, Q)

where we took into account that (1 + &)u € WP (Q) N Co(Q) and (1 + &)u > 1 in K.

Therefore, if € — 0, we have that

chnz capp(x)(U, Q) < Capp(x)(K, Q).
U open

The inverse inequality is a direct consecuence of the monotony of the p(x)—capacity. In fact,
given an open set U such that K C U, we have cap (K, Q) < cap,,,,(U, Q). Then,

Capp(x)(K, Q) < [ygj capp(x)(U, Q).
U open

Let us now present an equivalent definition of relative p(x)—capacity that will be very helpful
for our next results.

Proposition 3.36. Let E C Q. Then,

Capp(x)(E, Q) = . inf )pp(x)(Vu)

uER,,(x)(E,Q
Proof. Let us denote
65f)p()c)(E’ Q) = . inf pp(x)(Vu)
LIGR,,(X)(E,.Q)

Observe that Ezfﬁp(x)(-, Q) is non-decreasing. it is enough to see that, given £ C E’, if u > 1 in
E’,then u > 1 in E. Therefore,

cap,(E',Q) = _inf  py(Vu) > inf  pp) (Vi) = cap,,, (E, Q).
LIGRP(X)(E’,Q) MERI,(X)(E,Q)
Let us first assume that £ = K is a compact set. Then, by Propositions and[3.34] we have
that
ca K, Q) =cap’, (K,Q)= inf Vu) = cap, (K, Q).
pp(x)( ) pp(x)( ) ueRp(X)(K,Q) pp(x)( ) pp(x)( )

Let us now assume that £ = W is an open set.
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Let K ¢ W be a compact set, then
cap (K, Q) = Cap (K, ) < cap (W, ).

Therefore,

cap,, (W, Q)= sup  cap,, (K, Q) < cap,,(W, Q).
Ka clgr%[‘)}gct set

It remains to proove the inverse inequality. If cap (W, Q) = oo, it is clear. Let us assume then
that cap (W, Q) < oo.

Since capp(x)(W, Q)= sup capp(x)(K, Q), there is a sequence of compact sets {Kj,},en
Kcw

K compacto

in W such that capp(x)(Kn, Q) — capp(x)(W, Q).
Let us asuume, enlarging our K, if necessary, that W = U® | K;,.
We have proven that

capp(x)(Kn,Q) = _inf  pun(Vu).
MERP(X)(K,,,Q)

Then, for every n, there is u, € WP (Q) N Co(Q) such that u,, > 1 in K,, and
1 1
Ppx)(Vity) < cap ) (Kp, ) + p < cap, (W, Q) + e

By Remark we have that {||Vu,|| () }nen is bounded and, in consecuence, since u € W& P() (Q),
{llttnll1,pcx)}nen 1s also bounded.

Therefore, since Wé’p (x)(Q) is reflexive, there is a subsequence, which we will still denote
{letall1, o) ey such that u, — u in Wy ”(€2) and a.e.

Let us also observe that, since u, > 1 in K}, we have u, > 1 in U K, = W. Therefore,

— 1
ca W,QQ) = inf Vu) < Vu,) < ca W, Q) + —.
pp(x)( ) ueRp(X)(VV,Q) pp(x)( ) pp(x)( n) pp(x)( ) n
If n goes to oo, we conclude that aﬁp(x)(W, Q) < cap,,, (W, Q), which completes the proof.

Let us consider now an arbitrary set £ C Q.

Since capp(x)(E, Q) = Elrclgv capp(x)(W, ), we can consider {W, },en a sequence of open sets

W open
containing E such that cap , ,,(Wy, €2) — cap,,,(E, ).

Since E C W, and taking into account that we have already proved the result for open sets,
we have that
€ap () (E, Q) < cap (W, Q) = cap (W, Q).
So we conclude that cap ,,(E, Q) < cap,,,(E, Q).
It remains to proove the inverse inequality. If Eiﬁp(x)(E ,Q) = oo, it it clear. Let us assume
then that Eﬁﬁp(x)(E, Q) < oo.
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By the definition of cap,,,(E, Q), we know there is {i,}ner in WP(Q) N Co(€) such that
u, > 1in E and ppo(Vu,) — EEISI,(X)(E, Q).

Let us observe that

Op(Vup) > inf ~ p,)(Vu) = Eaﬁp(x)(Wna Q) = Capp(x)(W}’h Q) > Capp(x)(E’ Q).
MGSP(X)(E,.Q)

We can conclude then that cap ,,(E, Q) > cap,,, (E, ©2), which completes the proof. m]

The proof of the next proposition can be found in [18} Section 11.1.11].

Proposition 3.37. Let D c RN be open. Let v ;o vin Wé’p (x)(D). Then, there is a subsequence
{vj ke such that v;, — v p(x)—q.e.

—k
'p(x)(D) S 4 p+.

Proof. Let us consider {v;, }ren subsequence such that ||v a1 —V j"”l\; |
0

Let us denote Q = {[7,., — ;| > 275} y Wy = Upen .
Since capp(x)(Wn,D) = u},lnch capp(x)(W, D), there exist W, open sets such that W,, ¢ W,

W abierto
and also

- 1
cap (W, D) < cap (W, D) + TR 3.5)

Let us assume that W, € W, (if not, it is enough to replace it for W, N W,,11).
Observe that, since 2¥[7;,., — ¥;,| > 1 in the open set Q, by Proposici6n [3.36, we have

cap (€2 D) < f VR W)y, (1) = v (DI x
D

< 2kp+,0p(x)(v(vjk+1 - ij))
kp+
<2 P10 Ve = Vi)

< 2k17+ < 2kl7+4—k[7+ - 2—kp+

-
Vil —Vj
Jk+1 ]k“ Lp(x)
+ Wy (D)

Therefore,

cap (W, D) = cap ) (Ug=n%, D) < Z cap (L%, D) < Z 27kp+ 5

k>n k>n

From (3.3), we can conclude that cap (W, D) — 0 and so

Capp(x)(m;o:IWn’ D) = nh_{{.lo Capp(x)(Wn, D) =0.
Then, ¥;, - ¥in D -nN7, W,., which completes the proof. m|

Now we need a characterization of the space W(; P (x)(Q) as the restriction of quasi continuous
functions that vanishes quasi everywhere on RV \ Q. This theorem is essentialy contained in [18]
Corollary 11.2.5, Proposition 11.2.3]. We include here the proof since a minor modification of
the above mentioned result is needed and for the reader’s convenience.
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Theorem 3.38 (Characterization Theorem). Let D ¢ RN be an open set, Q D an open subset
and p € P°(Q) with p_ > 1. Then,

= WS,P(X)(Q) o ue Wé’p(x)(D) and it =0 p(x) —q.e. inD \ Q.

Proof. Letu € Wé’p @(Q), then, it is immediate that u € Wé’p @(D).
Now, let {¢}nerr © C(€2) such that @, — u in Wy**(Q) (and therefore in W, "™ (D)).

Let {¢n;}jen C {@nlnen be a subsequence such that ¢,,; — it p(x)—q.e. Then, since on; =0 in
D\ Q, we have that i1 = 0 p(x)—q.e. in D \ Q.

To see the converse, let us assume that D = RY (or else, we extend by zero). Since u =
u™ — u~, we can assume that u > 0. Moreover, since min{u,n} € WHP®(RN) converges to u
in WHPW(RN), we can assume that u is bounded. Finally, let us consider ¢ € C°(B(0, 2)) such
that 0 < ¢ < I and & = 1 in B(0,1). Setting &,(x) = &(3), we have that &,u converges to u
in WPO(RN). Therefore we can assume that u(x) = 0 for every x € (B(0,R))¢ with R large
enough.

+

Therefore, we need to prove the converse for bounded, compactly supported and nonnegative
functions u € WHPM(RN) such that it = 0 p(x)—q.e. in Q.

Since i is p(x)—quasi continuous, there is a decreasing sequence of open sets {W,,},en such
that cap,,(,(Wy, D) — 0 and il y, is continuous.

We can assume that W, contains the set of null capacity of RV \ Q where it # 0. Therefore,
i=0in (QU W, =Q°n W¢.

Given § > 0, set V,, = {x: ii(x) < 6} U W,,. Since i is continuous in R \ W,, V, is an open
set. Therefore, V5, is a closed set. It is also bounded since V;; C B(0, R). Then, V;, is compact.

Let uw, be the capacitary potential of W, then (1 —8)*(1 —uw,) =0a.e. in Q\ V:.

Consider now a regularizing sequence {¢;};en. Therefore, for j sufficiently large we have
that

¢ [(u—08)"(1—-uw,)] € CT(Q).
Observe that
Ppxy(Vuw,) = cap (W, D) — 0.
By Proposition we can conclude that [|Vuw, ||,y — 0 and, by Poincaré’s inequality,

llew, |1, pey = 0.

Therefore, 1 —uy, — 1in WhP®(D) when n — oo.
Obviously, (u — 8)* — u™ = u in W"P®(D) when § — 0 and observe that

= 6" (= w,) = ul], i <[ = 10w, [ i, =0 =], )

+ lully py ||ew,

Lp(x)

Finally, taking the limit when when j — co, n — oo and § — 0, we have that

¢+ [(u—06)"(1 —uw,)] - u,
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which completes the proof. m|

We end this subsection with a lemma that will be much helpful in the sequel.

Lemma 3.39. Let v € W'PORN) and w e Wé’p (x)(D) such that v| < w a.e. in D. Then,
ve WP (D).

Proof. Tt is enough to see that v© € Wé’p (x)(D) (for v~ we procede similarly and having shown
this result for v© and v~, we can state that is valid for v = v* —v7).

Since w > 0, by density we can consider {wy}uen C CZ(D), w, = 0, such that {w,}sen
converges to w in whr (D).

Therefore, inf{w,, v*}, which has compact support in D (for each w, has so) converges to
inf{w, vt} which coincides with v* since |v| < w a.e. in D.

Then, taking an adequate regularizing sequence, we obtain a sequence of C;°(D) convergent
to v*, which completes the proof. O

3.2 Fractional Sobolev spaces.

The standard reference for this is [[16].

Let Q c RY be an open, connected set. For 0 < s < 1 < p < co, we consider the fractional
order Sobolev space W¥P(Q) defined as follows

|u(x) — u(y)l

Lts

WSP(Q) := {u e LP(Q):
|x = yl7

e LP(Qx Q)},

endowed with the natural norm

1

W~ N

s pQ = Pd dxdy| .
sy =l = [[ a7 ax [ OO gy

The term

[u(x) — u(y)|P
P
[y = spQ foQ e — [ dxdy

is called the Gagliardo seminorm of u. We refer the interested reader to [[16]] for a throughout
introduction to these spaces.

When Q = RY, we omit it in the notation, i.e.

llulls porv = llulls,p and [ul pry = [uly,p.

Proposition 3.40. For 0 < s < 1 < p < oo the fractional Sobolev space WP (Q) is uniformly
convex and reflexive.
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Proof. Letus define T : W5P(Q) — LP(Q) X LP(Q x Q) as follows

( |u(x) — u(y)l)

T(u) :=(u, 0
lx —y[r™*

’

where LP(Q) x LP(Q x Q) is equipped with the norm

fasli=( [ e [ wenr).

— p.1
ot =( [+ [ EEZR) <l

T is an isometry, which completes the proof. O

Observe that, since

In order to consider Dirichlet boundary conditions, it is customary to define the spaces
Wy Q) = {ue WPRY): u=0ae inRY\ Q}.2

Let us observe that W(‘;’p (Q) is a closed subset of WSP(RY). Therefore it has the same prop-
erties as a functional space. In particular, (Wé’p (€), Il - ls,p) is a uniformly convex and reflexive
Banach space.

An alternative definition for Wé’p (Q) is to consider the closure of C°(Q2) in W¥? (RN) with
respect to the norm || - |5 ,. If Q is Lipschitz, both definitions are known to coincide (see [16]).

3.2.1 Elementary properties

We will now present some well-known properties of the norm that will be useful for our results.
We state the results without proof for future references.

Proposition 3.41 (Poincaré Inequality). Let Q c RN be an open set of finite measure. Then,
there exists a constant ¢ = c(s, p,n,|Q|) > 0 such that

lullp < cluls,p for every u € Wy (Q).

Proof. Givenu € Wg’p (£2), we have

[u]ls) ff ) = ZE{)lp dxdy
R P

|u(x) — u(y)l” f 1
————dxdy > lu(x)|P —————dy)dx.
fRN fRN\Q |x — y[**P RN ( rR\Q X — y["TP )

Then, we need to find an inferior bound for
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1
pa(x) i=f —— Ay
rV\Q X — y["P

1
Let 7 > 0 be such that |B,(x)| = |Q|. Then, r = (%)

Therefore,

[(RY\ Q) 1 B.(0)| = 1B,(0] - 120 B(x)] = 1€ - 120 B(x) = [@ 1 (RY \ By()|.

Let us rewrite the integral as follows

1 1
palx) = f ———dy + f ——>dy.
RM\QNB,(x) 1x = YI"T*P RMQNERN\B,(x)) 1x = YI"*P

Observe now that for the first term we have

f 1 RN\ Q) N B (x)| |Q@n®Y\ B(x))| f 1
dy > = >
( Q

|n+sp dy‘

n+s y -
| 14 yhtsp phtsp ARM\B,(x)) |x -y

RM\Q)NB,(x) |X =¥
Therefore,

1+32

( )>f 1 J f 1 J nw, nwn+ "
pa(x) > ———dy = y = = =
RM\B,(x) [X = YI"**P i 125P spro? - splQf

So we can conclude

sp

1+

nw,

(l?, > f WP padx = "2l
Ry il

g
Taking ¢ = (’:;T;Zl 7 ) , the proof is finished.

We now present an immediate corollary of Proposition [3.41]

Corollary 3.42. Let Q c RN be an open set of finite measure. Then, [ -] s,p and || - |ls,, define
equivalent norms in Wg’p Q).

We will use the notation
A(D) :={Q c D: open}

and therefore this space has a natural structure of a metric space with metric d”’.
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Remark 3.43. Is a well known fact that the space (A(D), d"yisa compact metric space when D
is compact.

For the proof of the following proposition, we refer to the book [28]. We include it for thesis
to be selfcontained.

Proposition 3.44. If ki Q, then for every ¢ € CZ(Q) there is an integer ko such that
¢ € CX (L) for k > k.

3.2.2 Fractional Capacity

In this subsection, we recall some definitions of the (s, p)—capacity and relative capacity that
can be found, for instance, in [50].

For a detailed analysis of the (s, p)—capacity, we refer to the above mentioned article [S0].

We start with the definition of the (s, p)—capacity and the relative (s, p)—fractional capacity.

Definition 3.45. Let £ c R" be an arbitrary set. We define the (s, p)—fractional capacity of the
set £ as

cap (E) := inf{[u]g,p: ue C‘;O(RN),M > 1in E} (3.6)

Given Q c RY an open and bounded set and E C Q, we can define the capacity of the set E
relative to the set Q as follows.

Definition 3.46.
cap, ,(E; Q) = inf{[u]{,: u € Wy (Q),u > 1 in an open neighborhood of E}.

Remark 3.47. Itis an immediate consequence of the above definitions that cap p(E ) < cap;, p(E ; Q).

Now, when we deal with pointwise properties of Sobolev functions we must change the
concept of almost everywhere for quasi everywhere. The following definition expresses such
idea.

Definition 3.48. We say that an property is valid (s, p)—quasi everywhere if it is valid except in
a set of null (s, p)—capacity. We note this fact writing (s, p)—q.e.

Definition 3.49. Let D c RY be an open and bounded set, we say that Q c D is (s, p)—quasi
open if there is a decreasing sequence {wi}ren Of open sets such that caps’p(a)k, D) — 0 and
Q U wy is an open set for each k € N.

Definition 3.50. A function u: Q — R is called an (s, p)—quasi continuous function if for every
e > 0, there is an open set U such that cap s’p(U, Q) < & and ulq\y is continuous.

The next results, which proofs can be found in [50] will be needed in the course of the proof
of our main result. Their proofs follow the same ideas found in the p(x)-capacity section so we
chose not to include them but give precise references for the interesed reader.
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Theorem 3.51 (Theorem 3.7 in [50]). For eachu € WSP(RN) there exists a (s, p)—quasicontinuous
function v € WSP(RN) such that u = v a.e. in RV.

Remark 3.52. It is easy to see that two (s, p)—quasicontinuous representatives of a given func-
tion u € WHP(RM) can only differ in a set of zero (s, p)—capacity. Therefore, the unique
(s, p)—quasicontinuous representative (defined (s, p)—q.e.) of u will be denoted by ii.

Proposition 3.53 (Lemma 3.8 in [50]). Let 0 < s < 1 < p < co. and let {vi}rey € WSP(RY) be
such that v — v in WSP(RY) for some v € WSP(RN). Then there is a subsequence {vi,}jew C
{Vichkery such that ¥y, — ¥ (s, p)—q.e.

Theorem 3.54 (Theorem 4.5 in [50]). Let D € RN be an open set and Q C D an open subset.
Then,
we W'(Q) & ue WD) and it = 0 (s, p)—q.e. in D \ Q.

Finalmente, presentamos una nocién de convergencia de dominios que serd esencial para
nuestros resultados, la convergencia en la topologia complementaria de Hausdorff.

Definition 3.55. Sea D c R" compacto. Sean K, K» C D subconjuntos compactos, definimos
la distancia Hausdorff dy como

dy(Kiq, Kp) = max{sup inlg [lx = yl|, sup inf ||x —yll}.

xek; YeK2 xek, YeKi
Sean Q, Q, C D abiertos, definimos la distancia complementaria de Hausdorff d" como
d"(Q1,Q2) := du(D\ Q1,D \ Q).

Decimos que {Q}ren converge a Q en el sentido de la topologia complementaria de Hausdorff,
H
y lo notamos Q; — Q, si d7(Qy, Q) — 0.
Resumen del capitulo.

En este capitulo presentamos las definiciones y propiedades de los espacios en los que tra-
bajaremos a lo largo de la tesis.

Si bien muchas de las pruebas de estos resultados son conocidas en sus respectivas areas,
presentamos la mayoria de las demostraciones para lograr que la tesis resulte lo mds autocon-
tenida posible y, ademds, para mostrar técnicas que son de uso habitual dentro de estos espacios
y que, por lo tanto, serdn de utilidad para aplicar también en los desarrollos que realizaremos en
los capitulos posteriores.

Este capitulo esta dividido en dos partes.

e En la primera parte, definimos los espacios de Lebesgue y de Sobolev asociados al p(x)-
laplaciano.

En este sentido, presentamos las propiedades bésicas de estos espacios, que serdn una
herramienta esencial para los resultados de los capitulos siguientes.
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Entre ellas, la desigualdad de Holder, el teorema de Rellich-Kondrachov, la desigualdad
de Poincaré y la nocién de continuidad log-Holder, que nos permitird otorgar a nuestros
exponentes variables la regularidad suficiente para asegurar la densidad de las funciones
test, cuestion clave en nuestros desarrollos posteriores.

También definimos los espacios duales de los espacios de Sobolev con exponente variable,
de particular interés ya que a ellos perteneceran las funciones fuente de las ecuaciones que
analizaremos.

Definimos a continuacién las nociones de p(x)-capacidad y p(x)-capacidad relativa, que
resultardn esenciales a la hora de dar condiciones necesarias para la estabilidad de las
soluciones del problema de Dirichlet para el p(x)-laplaciano con respecto a perturbaciones
del dominio.

Presentamos el concepto de p(x)-cuasi continuidad, analizamos la existencia y unicidad
de un representante p(x)-cuasi continuo de cada funcién en whr(Q) bajo la hipdtesis de
log-Holder continuidad del exponente, cuestion que nos permitird contar con un teorema
de caracterizacién del espacio W!P™(Q). Dicha caracterizacién sera una herramienta
sumamente Util para nuestros resultados principales.

e En la segunda parte, definimos los espacios de Sobolev asociados al laplaciano frac-
cionario y presentamos sus propiedades bésicas.

Entre ellas, la desigualdad de Poincaré y una equivalencia de normas en el espacio que
resultard valiosa para simplificar nuestros calculos posteriores.

Definimos a continuacién las nociones de capacidad fraccionaria y capacidad fraccionaria
relativa, que resultardn esenciales a la hora de dar condiciones necesarias para la esta-
bilidad de las soluciones del problema de Dirichlet para el laplaciano fraccionario con
respecto a perturbaciones del dominio.

Presentamos el concepto de cuasi continuidad fraccionaria, analizamos la existencia y
unicidad de un representante cuasi continuo fraccionario de cada funcién en W*?(RV),
cuestion que nos permitird contar con un teorema de caracterizacion del espacio W5P(Q).
Dicha caracterizacién serd una herramienta sumamente ttil para nuestros resultados prin-
cipales.

Finalmente, presentamos una nocién de convergencia de dominios que serd esencial para
nuestros resultados, la convergencia en la topologia complementaria de Hausdorft.

De esta manera, dejamos asentadas las bases para los resultados principales que logramos
conseguir tanto para el caso de exponente variable como para el de exponente fraccionario, en
cuyo estudio el concepto de p(x)-capacidad y capacidad fraccionaria respectivamente resulta una
herramienta esencial a la hora de dar condiciones para asegurar la estabilidad de las ecuaciones
diferenciales no lineales bajo perturbaciones del dominio.



Chapter 4

The variable exponent case.

4.1 The Dirichlet problem for the p(x)—laplacian.

We define the p(x)—laplacian as
Apeoytt = div(|VulP™ 2 Vu).

Observe that when p(x) = 2 this operator agrees with the classical Laplace operator, and when
p(x) = pis constant is the well-known p—laplacian.

The Dirichlet problem for the p(x)—laplacian consists of finding u € Wé P (x)(Q) such that

—Ap(x)l/t = f in Q,
{ u=0 ondQ, @.1)

where f € LP'®(Q) or, more generally, f € W~ 1""®(Q). Recall that p’(x) = p(x)/(p(x) — 1) is
the conjugate exponent of p(x).

In its weak formulation, this problem consists of finding u € Wé P (x)(Q) such that
f IVulP®=2 Vu - Vv dx = (f,v) for every v € W) "(Q).
Q

Setting

I(v) := f L|Vv|l’<x>dx—<f,v>,
a p(x)

the problem can be reformulated as finding u € Wé’p (x)(Q) such that
I(w) = min{I(v): v € W, " ().
By standard methods, we obtain the following result

Theorem 4.1. Assume p_ > 1. Then there exists a unique minimizer of 1(v) in Wé’p (x)(Q) and a
unique weak solution of (5.1) u € Wé’pm(Q).

36
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Proof. The proof is standard and uses the direct method of the calculus of variations. We omit
the details. =

Remark 4.2. The unique weak solution of (5.1) will be denoted by ugp ™ When there is no

fipx) _ f
Q = Ug-

following results the variable exponent p(x) is fixed we use the lighter notation u

So, since for the
f

o

Remark 4.3. There is, by now, a well developed regularity theory for weak solutions of (5.I).
We refer the reader to the works [2, 3} [17].

ambiguity with respect to the exponent p(x) we will denote u

Proposition 4.4. Assume that p € P°4(Q) with p_ > 1. Let f € W P"O(Q) and let A > 0 be
such that || fl|-1,p(x) £ A. Then, there exists a constant C depending only on A, p_ and p, such
that

IVt llpe) < C.

Proof. Let us assume that ||Vu{2|| p(x) > 1 (otherwise, the result is clear). By Theorem and
Proposition 3.1}

[ g = ¢y
Q
< -1l peo
< elfll-t ool Vil llpco
- L
< el fll-t,pr o po IVl D)7
Therefore,
=
fg IVul P9 < (el fllot )P

which completes the proof. O

In what follows, the monontonicity of the p(x)—laplacian is crucial. This fact is a conse-
quence of the following well-known lemma that is proved in [46] p.p. 210].

Lemma 4.5. There is a constant ¢; > 0 such that for every a,b € RV,

cilb—-alP ifp =2,
(b7~ lal"2a) - (b - a) > { P
Uiy SP=2

Remark 4.6. Observe that if u € Wé’p (x)(Q), then —A,yu € W17 ®(Q). In fact,
o) = [ WU Vo
Q
Definition 4.7. Let f € W17 9(Q). We say that f > 0 if (f,v) > 0 for every v € Wé’p(X)(Q)

such that v > 0.
Let f,g € W P"™(Q). We say that g < fif f —g > 0.
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We now prove the comparison principle for (3.1])

Lemma 4.8 (Comparison Principle). Let u,v € Wé’p (x)(D) be such that

—A,,(x)u < —Ap(x)v in D,
usv on dD.

Then, u <vin D.

Proof. Letus call g := —A,yu and f := —A,yv. Then, by Remark [4.6] we obtain that, given
¢ € WD),

f (VulP D2V — [TvP2Vy) - Vo(x) dx = (g - f ).
D
In particular, taking ¢ = (u — v)* € WS”’ (D), since g < f we have that
f (IVulPO 2V — |VPO29y) . YV — ) dx = (g — f,(u—v)*) < 0.
D

Taking into account that V(u — v)* = (Vu — Vv)x(,>y}, We conclude that

f (IVulPPO2Vy — VPP 2Yy) - (Vi — V) dx < 0.

{u>v}
Now, let us define Q] := {x € D: p(x) 2 2} and Q] := {x € D: p(x) < 2}. Therefore,
D = Q) U QY (disjoint union).
Now, by Lemma.5] there is a constant ¢ > 0 such that

f (IVulPPD72Vy — |Vy|PO=2Yy) - (Vi — Vv) dx
{u=v}

Vu — V2
>c f IVu — VyPY dx + ¢ f | 2'_ o dx.
{uz=v)n€ {uz=v)nQY (IVu| + |Vy|)=—pPix

Therefore, since V(i — v)* = (Vu — Vv)y v, we conclude that

V(u—-w7* 2
0> IV(u = v)*" 1P dx + f [Viu v)2| X.
Q o (IVul + [Vy])>=r@

Then, V(u—v)™ = 0in D. So (u—v)" is constant in D. Since (u—v)* € Wé’p @(D), we have that
(u —v)* = 0. Therefore u — v < 0, which completes the proof. O

Corollary 4.9 (Weak maximum principle). Let f € W~ bP"®(Q) be such that f > 0. Then

uéZO.

Proof. Just apply Lemmawith u=0andv = u‘gfz. O
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The following proposition gives the monotonicity property of the solution with respect to
the domain. The proof follows the ideas of 28, Theorem 3.2.5.] where the linear case p(x) = 2
is treated. Nevertheless, since the p(x)—laplacian is nonlinear, the monotonicity property of this
operator comes into play replacing linearity in the argument.

Proposition 4.10 (Property of monotonicity with respect to the domain.). Let Q; C Q; and

e WLV 1) be sucn that | > 0. en, U < U .
WL 0(Q,) be such th 0. Then, u}, <ul,
Proof. We will denote u; = uél and up = ”{22'
Given v € W, " (Q) ¢ W, " (),
f IVuiPO2Vu; - Vvdx = (f,v), i=1,2. 4.2)
Q;
Therefore,
(IVu i [PP972Vu; — [Vua|P®2Vuy) - Vv dx = 0, 4.3)

Q)
for every v € Wé’p (x)(Ql).

Since f > 0, we have that u > 0. Then, (u; —u2)* < uj € Wé’p @ (Q) and hence, by Lemma

, (w1 —ux)* € W(;’p (X)(Ql). Therefore

(IVup [P92Vuy = [Vua|P92Vuy) - V(uy — up)™ dx = 0.
Q

Now, let us define Q] := {x € Q;: p(x) > 2} and QY := {x € Q;: p(x) < 2}. Therefore,
Q; = Q) U QY (disjoint union).
Now, by Lemma.5] there is a constant ¢ > 0 such that

0= f (IVuy P92Vuy = [Vua PO2Vuy) - (Vuy — Vuo) dx
{u12u2}NQy

Vu — Vv
Zcf IVu—Vvlp(x)dx+cf | 2'_()dx.
{ur12u2})NQ] {ur2u)nQY (IVu| + |Vy|)>—Px

Therefore, since V(i —v)* = (Vu — Vv)x(uy), Where x4 denotes de characteristic function of the
set A, we conclude that

V(u-v7* 2
0 Zf IV(u - v) [P dx+f O v)2| dx.
o o (IVul + [Vy])>=rP@

Then, V(u; —up)™ = 0in Q. Hence, (1] —uy)* is constant in Q. Since (u; —un)* € W(;’p(x)(Ql),
we have that (u; — up)* = 0. Therefore u; — up < 0, which completes the proof. O

We now end this section with a stability result for solutions of the Dirichlet problem
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Theorem 4.11. Ler D c RN be open, and let p € P°4(D) with p- > 1 and f; € W=Dy,
i = 1,2. There exists a constant C > 0 depending only on p_, p, and max{||fi||-1,,(v} such that,
if Q c D,

| 9 = T e < €U = il 4 1A = B )
where the constant B > 0 depends only on p_ and p.

Theorem .11|immediately implies the following Corollary.

Corollary 4.12. Under the same assumptions of Theorem let f,, f € W= 1P"0(Q) be such
that || f, — fll-1,p7yy = 0. Then

IVals — Vul |y — 0.
Now we proceed with the proof of the Theorem.

Proof of Theorem Let us denote u; = ué
Given ¢ € Wé’p (x)(Q), we have that

f VPOV, - Vodx = (fi, @), i=1,2. (4.4)
Q
In particular, considering ¢ = u; —up € Wé’p (x)(Q) and subtracting, we obtain

f (Vi PPO72Vuy = [Vuo PO 2Vuy) - (Vuy — Vuo) dx
Q

= (i = fas w1 —u2)

<A = 2ll-1p@lVur = Vuo|l e

< |ft = Lol o UIVurllpey + IVuzllp)
< Cllfi = fall-1,p7 ()5

where we have used Proposition 4.4]in the last inequality.
On the other hand, naming Q; = Q N {p(x) > 2} and Q; = Q N {p(x) < 2}, we have that

f (V1 P92V, = [Vita P92V - (Vi = V) dx
Q
2
:Z f (Vi1 P92Vuy = [VuaPY2Vuy) - (Vuy — Vun) dx.
=1 Y

Let us study each of these integrals. By Lemma.5]

(IVup [P9O2Vuy = Vi P9 2Vuy) - (Vuy = Vi) dx > ¢ | |V(uy — up)PW dx.
Q] Q]



4.2. CONTINUITY OF THE DIRICHLET PROBLEM 41

Let us now analyze the integral over €2,.

2—p(x)

IVur| + [Vua|) 2

2-p(x)

2

() Q-p()p(x) V(i — up)| P
V(@ —u)PVdx = | (IVur| +[Vug|) 2 ) dx
o @ (IVur| + |Vua|) 2
p(x)
—p(x))p(x V _
<2V + |Vu2|)(2 ) | ( [V(ur — uz)l ]
(

p(x)

¢ V(U — )P B
Sz( ('V“1|+IVuzI>”(")dx) (f T =) dx)
= a, (Vup] + [Vup|)2-r(0

for some constants @ and 8 depending only on p_ and p.. Let us observe that for the first
inequality we took into account Holder’s inequality and for the second one, Remark [3.2]

Let us now find a bound for the first factor. In fact, by Proposition §.4]

(Vur| + [Vup)P@ dx < 20+71 [ (Vi [P + [Vuo [P dx < C.
(953 Q)

Observe that, by Lemma.5] we are able to find a bound for the second factor.

TRYY)
f Ve ”2)2| dx<C f (Vi POV, = [ViaPD™2Viy) - (Vuy = Vaao) di.
Q, (IVui| + [Vuy|)?>=P @

Then,

B
IV(u; — )P dx < c( (Vi P92Vuy — [Vua P9 2Vuy) - (Vuy — Vuz)dx)

Qz QZ

B
< C( f (Vg [P9O2Vuy = Vo |P92Vuy) - (Vuy — Vuz)dx)
Q

<Cllfi - A,

So we can conclude that

L V(i — )™ dx < CIfi = foll-tpo + I = lelljl,p,(x))-

This finishes the proof. O

4.2 Continuity of the Dirichlet problem with respect to perturba-
tions on the domain.

In this section we investigate the dependence of the solutions of the Dirichlet problem ué with
respect to perturbations on the domain. We will analyze a rather general problem considering
a sequence of uniformly bounded domains €, converging to a limit domain € in the Hausdorff

complementary topology. Then we study whether u'é; converges to ”{z or not.
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For this purpose, in the remaining of the section Q will be a bounded open set of RV .

Now we state a couple of immediate corollaries of Proposition 4.4 that will be most useful.

Corollary 4.13. Let D ¢ RN be an open bounded set and let Q,, C D be a sequence of open
domains. Let p € P°2(D) such that p_ > 1. Then, {uf }neN is bounded in Wl’l7 (x)(D).

Corollary 4.14. Under the same assumptions as in Corollary B.13| we have that the sequence
{IVuf |Peo-= ZVu }neN is bounded in LP"®(D).

We now extend to variable exponent spaces Proposition 3.7 in [7].

Theorem 4.15. Let D c RN be an open and bounded. Let p € P'°%(D) with p_ > 1. Let Q, C D,
n e Nand let f € WP (D).

Let us denote u, = ué Assume that u,, — u* weakly in W1 ) (D). Let Q c D be such that
for every compact subset K c Q, there is an integer ng such that K c Q,, for every n > ny. Then,
there holds that

—Apoit” = fin Q.
Remark 4.16. Observe that in order to conclude that u* = ug it remains to see that u* €
W,y PO (<.
Proof. As p € P'°2(D), we need to verify that, given ¢ € C2(Q), the following equality is valid:

f Vi PO72Vu* - Vo dx = (f, p).
Q

Let ¢ € CZ(£2). Since supp(p) C Q is compact, there is an integer g such that supp(¢) C Q,
for every n > ng. Therefore, ¢ € C°(€2,) for every n > ny.

Set K = supp(¢) and K¢ = {x € RV: d(x, K) < &} with & sufficiently small to make sure that
K? cc Q, N Q for every n > ny.

We will, from now on, work with n > max{ng, n;}.
Letn € C°(Q2) be such that p = 1 in K2,7p=0in(K°)and0<py< 1.

Consider ¢,, = n(u, — u*) and since ¢, € Wé’p (x)(Q,,) we have

f Vit [PV, - Vb, dx = f IVitn |2V, - Vb dx = (f, $n).
D Q,
Standard computations now give us
f NVital” Vit - Vot = ") dx < (f, ) = f IVital "0Vt - Ity — u”) dx.
D D

Since u, — u* in Wy"(D), ¢, — 0 in Wy”(€) and so (£, $,) — 0.

On the one hand, by the compactness of the embedding Wol’p @(D) c LPY(D), we have that
u, — u* in LPY(D), and so, by Holder’s inequality,

f IV P2V, - Vgt — u*) dx < 20Vl IVt P2V sty ||y o et — all iy — O,
D
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by Corollary 4.14] Then we can conclude that
lim sup f NVitn PP 2V, - Vi(u, — u*) dx < 0.
D
Since n = 0 on (K?)°,

lim sup f NVitnPP 2V, - V(uy — u*)dx < 0 (4.5)
K£

On the other hand, since Vu,, — Vu* in LPY(K?),
f NIV PO2Vu* - V(u, — u*)dx — 0 (4.6)

By (@.3) and (@.6) we have that

lim sup f N(Vitn POV, — [V PO 2Vu*) - V(u, — u™)dx < 0.
KE
Since K2 c K¢, by Lemma we can conclude that

lim [ (IVu /P Vu, — [Vu*PO72Vu*) - V(u, — u*) dx = 0.
K2

Again, by Lemma it follows that (|Vi,|"~2Vu, — Vi PP 2Vu*) - V(u, —u*) — 01in L'(K?)
and therefore a.e. in K3.

From these facts, it easily follows that

Vu, — Vu* ae.in K. 4.7

Finally, by Corollary , there exists & € LP®(K?) such that |Vu,[P™2Vu, — & in
LV O(K?).
From (@.7), we can conclude that & = [Vu*[P®~2Vy* in K7 and that

f VU7V, - Vodx — | [Vut POV - Vg da.
K2 K2

Since supp(Vp) c K C K: C Kf c Q,NQ,
f Vit POV, - Vo dx — f Vi |PO=2Vu* - Vo dx.
Q, Q

This finishes the proof. O

As we mentioned in Remark [4.16] in order to obtain the continuity of solutions with respect
to the domain, we need to provide for conditions that ensure u* € Wé P) (Q). This is the content
of the next theorem.
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Theorem 4.17. Let D c RY be an open bounded set and let Q,,Q C D be open for every n. Let
p € PRED) with p_ > 1. IfQ, = Q and cap,,(Qu \ Q,D) — 0, then ul, — i,

o Weakly in
W, PO(D).

Proof. As before, we denote u, = u‘é . By Corollary , {tty}nery is bounded in Wé”’ @ (D),
therefore, we can assume that u, — u* weakly in W(; P (x)(D).

By Theorem [.15] and Remark {.16] the proof will be finished if we can prove that u* €
Wé’p @ (€2). By Theorem , it is enough to prove that u* = 0 p(x)—q.e. in Q°.

Consider QJ- =Up>iQy and E = ﬂjzlﬁj.
Since u,, — u* in W(;’p (x)(D), by Mazur’s Lemma (see for instance [20]), there is a sequence

kj kj . 1,
vj= Zn]=j an,uy such that a,; > 0, Zn’:j ap; =1landv; — u*in W, p(x)(D).

Since u, € Wé’p @(Q,), by Theorem , i, = 0 p(x)—q.e. in Qf. Therefore, ¥; =
Zf,j:j an;ity, = 0 p(x)—q.e. in ﬂi":jQ; D Q; for every j ~2 1. Then, ¥; = 0 p(x)—q.e. in fl;
for every j > 1. As a consequence, V; = 0 p(x)—q.e. szlﬂji = E°.

On the other hand, since v; — u" in WS’P (x)(D), by Proposition Vi — u* p(x)—q.e.
Then we conclude that #* = 0 p(x)—q.e. in E€.

Since cap (€2, \ Q, D) goes to zero, passing to a subsequence, if necessary, we can assume
that capp(x)(Qn \Q,D) < 2%, Therefore,

cap,y(Q; \ Q, D) = cap () (Un2 Q0 \ Q, D)
< > cap (2 \ Q. D)

n>j

1 1
SZ?:F'

n>j

Since E C Qj, we have that £\ Q C Qj \ Q for every j > 1 and so,
~ 1 .
cap . (E \ Q, D) < cap,,,(Q; \ Q,D) < 5T for every j > 1.

Taking the limit j — oo, we have that capp(x)(E \Q,D) = capp(x)(Q‘“ \ E¢,D) = 0. So we can
conclude that u* = 0 p(x)—q.e. in Q¢, which completes the proof. m|

The next result shows that the continuity of the solutions of the Dirichlet problem for the
p(x)—laplacian with respect to the domain is independent of the second member f.

For constant exponents, this result was obtained in [7, Lemma 4.1]. The proof that we

present here, in the non-constant exponent case, follows closely the one in [28, Theorem 3.2.5]
where the linear case p(x) = 2 is studied.

Theorem 4.18 (Independence with respect to the second member). Let D ¢ RN be a bounded,
open set. Let p € P°4(D) with p_ > 1 and let Q,Q, C D be such that for every compact
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subset K C Q, there is an integer ngy such that K C Q,, for every n > ng. Assume moreover that
ugn - ug in LP®(D) for every M > 0. Then ué — ué in W(;’p (x)(D) forevery f € WL @O (D).

Proof. Let us assume first that f € L*(D). Therefore, there is a constant M > 0 such that
-M<f<Mae.
f_f f

. _ f _
We will name u;,, = g, and w! = ug,.

Now, observe that u,™ = —u and so by Proposition |4.10, we obtain that
- ufy < u£ < uf:/[. (4.8)
By Corollary {u£ }ieny 18 bounded in Wé’p (x)(D). Then, by Alaoglu’s Theorem, there is a

subsequence, which will remaine denoted by {i/},en, such that u! — u* in Wé’p @ (D).

Since, by Rellich-Kondrachov’s Theorem, we know that Wé P (D) is compactly embedded
in LP™(D), we have that u/ — u* in L™ (D).
Then, taking into account the convergence in LP™¥(D) in (#.8), we have that

M <ur < uM.

Therefore, |u*| < u™ and, since uM € Wé’p (x)(Q) we can conclude that u* € Wé’p (x)(Q).

Let us assume now that f € W=1"'®(D). By density, there is a sequence {fj}jan C L*(D)
such that f; — fin w-Lr' (D).
Given ¢ € W=/ (D),

(o — !y = (o, = ) + (o1 = ulhy + (o, ul) = ).
Now, by Theorem 4.11], given € > 0, there exists jy € N such that
V) = Vi llpy <& and  1Vu/ = Vulill, < 2,
uniformly in n € N for every j > jo. By the first part of the proof,
(o, uﬁjo —ufiy 50 asn— oo,

This completes the proof. O

4.3 Extension of a result of Sverak.

In this section, we apply our results to prove the extension of the theorems of Sverik discussed
in the introduction. Our main result being Theorem[6.3.5]

We begin by establishing some capacity estimate from below for compact connected sets.
This was obtained for p(x) = 2 by Sverak in [47]. See the book [28]] for a proof. For general
constant exponents, this estimate was obtained in [7]. Our extension to variable exponents will
rely on Bucur and Trebeschi’s result [7]]. In fact, we use the following proposition.
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Lemma 4.19 ([7], Lemma 5.1). Let us consider a curve y(¢ € B(x,r), such that ¢ € 0B(x,r).
Then

cap ,(¥(xél» B(x, 2r)) = cap,([x, ], B(x, 2r)),

where [x, £] denotes the segment with extrems x and &.

Proof. For some € > 0, let us consider a function ¢ € C7(B(x, 2r), R™) such that

f lpdl” dx < cap,(y(xg), B(x,2r)) + €
B(x,2r)

and ¢ > 1 on a neighbourhood U of [, ¢].

Then we denote by ¢* the Steiner symmetrisation of ¢ with respect to the line x¢. Then
¢* € Hy"(B(x,2r)) and ¢* > 1 on U* > [x,£] and

f [V*lP dx < f [Vol? dx.
B(x,2r) B(x,2r)

cap,(Yixg), B(x, 2r)) < f IV*olP dx
B(x,2r)

Since

, making € — 0, we conclude the proof. O

Proposition 4.20 ([7], Lemma 5.2). Let p > N — 1 be constant and let K € RN be compact and
connected. Assume that there exists a constant a > 0 such that 2a < diam K. Then, for every
xeKanda<r< d’“TmK, we have the following inequality:

cap,(K N B(x, r), B(x,2r)) = c,
for some constant ¢ > 0 depending only on p and a.

Proof. Let us consider x € K and the set K° =: {x € RY : d(x,K) < §}. Then, K° C K°*€ for
all € > 0 and the property of the capacity on decreasing sequences of compact sets together with
their monotonicity give

capp(K N B(x,r), B(x,2r)) = (lsin?) capp(l(‘S N B(x,r), B(x,2r)).
The set K° is open, contains K and so it is connected by curves. Since K° is not contained in
B(x,r) (since r < %diam(K )), there exists a point & € dB(x, r) N K° and a continous curve Vil

which links x and & and lies in B(x, r) N K°. To conclude the proof, it is sufficient to use Lemma
M.19)and the behaviour of the capacity on homothetic sets. Indeed, we get

capp(K5 N B(x, r), B(x,2r)) > cap,(y[xg N B(x, 1), B(x,2r)) > cap,([x, ] N B(x, r), B(x,2r)).
The, making 6 — 0 we get

cap,(K N B(x, r), B(x,2r)) = cap,([x, &l N B(x, r), B(x, 2r)).
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Since
cap,([x, 1N B(x, 7), B(x,2r))  cap,([0, 1] % {01, B(0,2))
cap,,(B(x, 1), B(x, 2r)) cap,(B(O, 1), B(0, 2))
which completes the proof. ]

The next proposition relates the relative capacity of a set for constant exponents with the one
with variable exponents.

Proposition 4.21. Let p € P°¢(D). Then,
/7;
cap, (E,D) < Cmax{cap,,(E, D), (cap,(E, D))"},
where C > 0 depends on |D|, p; and p_.

Proof. Given ¢ € Wé P (D), by Holder’s inequality and Proposition we obtain

I
f [VolP- dx < C max {f |V¢|p(x) dx, (f |V<,0|p(x) dx)p+},
D b A

Let us denote by A(f) = max{t, tﬁf} for t > 0, so we conclude

inf f VolP-dx < C inf h( f |Vgo|”(x>dx)
$ES p(E.D) Jp @ES px)(E,D) D

:Ch( inf f Ichlp(x)dx),
@S p(E.D) Jp

since £ is increasing.
On the other hand, since Wé’p (x)(D) - Wé’p (D),

inf f IVlP- dsth( inf f |V<p|”(x)dx).
(pES,,? (E,D) D QOESP(X)(E,D) D

We can conclude that cap,, (E, D) < Ch(cap,,,\(E, D)). O

From Proposition and Proposition 4.21{ we obtain the following corollary.

Corollary 4.22. Given K ¢ D c RN compact and connected and p € P'°%(B(x, 2r)) such that
p- > N — 1. Then, for every x € K anda <r < d’”Tmeor some positive constant a,

cap (K N B(x, 1), B(x,2r)) = &,
Jor some constant k > 0 depending on |D|, diam D, p, and p-.

Proof. Just apply Proposition to the sets K N B(x,r) and B(x.2r), and observe that 2r <
diam K < diam D. Then apply Proposition .20} i
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Now we look for an extension of Theorem[6.3.5]in the sense that instead of requiring some
capacity condition on the differences of the approximating domains with the limiting domain,
we require a uniform boundary regularity in terms of capacity.

Definition 4.23. We say that Q verifies the condition (p(x), «, r) if
capp(x)(QC N B(x,7r), B(x,2r)) > a, x€0Q.
Set Oy, (D) = {Q c D open: Q verifies the condition (p(x), @, r) for every 0 < r < rp}.

From now on we will need a result on uniform continuity with respect to Q € O, ,,(D) for

f
Q

This result for p(x) = 2 is classic and can be found, for instance, in [28, Lemma 3.4.11 and
Theorem 3.4.12, p.p. 109]. The key for its proof is to obtain the Wiener conditions, see [26]].

the solutions of the Dirichlet problem, u;, with f sufficiently integrable.

The extension for 1 < p < N constant can be found in the articles [24} 33} [39]. Consult the
book [37], Theorem 4.22. The result for p(x) variable was recently obtained in [36].

Lemma 4.24 ([36], Theorem 4.4). Given Q € O, (D), f € L'(D), r > N. Then, there are
constants K > 0 and 0 < 6 < 1 such that Iug(x) - ug(y)l < Klx - yl°.

With this result we are able to prove the analogous of Theorem for domains in O,

Theorem 4.25. Given (Qu}ett € O (D) such that ©, > Q. Then, uf, — uly in Wy"(D).

Proof. By Theorem , we can assume that f = M with M > 0 and u)] — u* in Wé’p @ (D).
In order to see that u* = ug , by Theorem it is enough to verify that u* € Wé’p (x)(Q).
By Theorem [3.54} it is enough to prove that u* = 0 p(x)—q.e. in Q.
As a direct consequence of Lemma u’g > 0and ug’ >0.
By Lemma4.24] given y € dD, for every x ¢ Q we have

ud (x) = [uM (x) — ul (y)| < K|x - yI° < K(diam D)°.

By Lemma 0< ug < uAD’I < K(diam D)°. Therefore, {ug }nen 18 uniformly bounded for
every M > Q.

By Lemma , { ug }nen 1s uniformly equicontinuous for every M > 0. Therefore, { ug’ bien

converges uniformly to u*.

. .. H . .
Given x € Q°, since Q, — €, there is a sequence x, € Q such that x, converges to x. By

uniform convergence, we have that uly (x,) converges to u*(x). Since suppull c Q,, we obtain
that ug (xn) = 0 for every n and, therefore, u*(x) = 0, which completes the proof. m|

Remark 4.26. If p_ > N, the same proof can be applied. It is enough to observe that, by Morrey’s
estimates, W,"(D) ¢ W, (D) c C*(D) with@ = 1 - N/p-.

Having presented the previous results, the proof of the extension is similar to the one given
by Sverdk for p = 2. We include it for the reader’s convenience.
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Definition 4.27. Given/ € N and Q C D, set #Q the number of connected components of D \ Q.
Set Oy(D) = {Q c D open: #Q < I}.

Theorem 4.28. Given p € POLD) such that N — 1 < p- and {Qu}en C Oi(D) such that
Q, z Q. Then ué - ”{z in Wé’p (x)(D).

Proof. By Remark[4.26] we only have to consider the case N - 1 < p_ < N.

By Theorem , we can assume that f = M with M > 0 and u,, := ug — u*in Wé’p (x)(D).

In order to see that u* = ufl, by Theorem , it is sufficient to verify that u* € Wé’p @ Q).

Set D\Q, = F, = FLUF?U...UF!, where each F! is compact and connected. Assume that
F,{ kit Flforevery 1 < j<I.

Let us analyze each of the three possibilities. We will find that it is possible to disregard the
first two.

(1) If F/ = 0, then F,{ = ( forevery n > ng. Set Jo = {j e {l,...,1}: F,{ = () for n large}.

Q) If F/ = {x;}, set J; = {j € {1,...,1}: F/ = {x;} and p(x;) < N}. Now consider the set
Q" = Q\ Ujey, {x;}. Since capp(x)({xi},D) = 0, we have that capp(x)(Q*,D) = capp(x)(Q, D).
Then, by Theorem , Wé’p W) = Wé’p @(Q). It is enough therefore to verify that u* €
WI’P(X)(Q*)

0 .

SetI={1,...,I}\ (Jo U Jy) and consider Q; = D\ UjGIF,{ i Q.

Q@) If,forjel, F J contains al least two points, let a; be the distance between them. These

points are limits of points from F ﬁ which we may assume to have a distance at least of %’ between
them for » large enough.

Given x € 0Q; and j = j(x) € [ such that x € F ,{, by Corollary , ifa<r< % for some
positive constant a, then there is a universal constant « that verifies the following inequality:

cap () N B(x, 1), B(x,2r)) > cap ., (Fi N B(x, 1), B(x,2r)) > k > 0.

This shows that the open sets € belong to O, ,, with @ = k and ro = }1 minfa;: j € I}.

Since Q; E> Q, by Theorem 4.25| we have that ug[ — ug in W(;’p (x)(D).

On the other hand, since Q, C Q;, by a direct consequence of Lemma [4.8 and Proposition
, we have that 0 < u}l < ull.. Passing to the limit n — o0, 0 < u* < u]. We conclude then,

by Lemma , that u* € Wé’p @ Q)
If F/ contains exactly one point xo, then p(xp) > N and so {xo} has positive p(x)—capacity,
the bound from below will be its capacity, which completes the proof. O

Resumen del capitulo.

En este capitulo se presentan propiedades de comparacién y de monotonia para el p(x)-
laplaciano (esta dltima respecto del dominio) que son claves para el tratamiento de la cuestion de
la continuidad para el problema de Dirichlet respecto de la fuente y del dominio. Se arriba luego
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al primer resultado importante de la tesis que garantiza la convergencia de los minimizantes
bajo convergencia de los dominios (en términos adecuados que involucran la distancia comple-
mentaria de Haussdorff y la p(x)- capacidad). En otro resultado relevante de este capitulo se
generaliza un famoso teorema de Sverédk para el caso de exponente variable dando un enunciado
geométrico en términos del nimero de componentes conexas complementarias de los dominios
aproximantes.

Este capitulo esté dividido en dos partes.

e En la primera, definimos el planteo del problema de Dirichlet asociado al p(x)-laplaciano
junto con su formulacion variacional para luego presentar la unicidad y existencia de
solucién débil de dicho problema.

A continuacion presentamos el Principio de comparacidn, el Principio del mdximo débil
y la propiedad de monotonia de las soluciones con respecto al dominio.

Finalmente, luego de algunos resultados previos, obtenemos nuestro primer resultado
importante de esta parte de la tesis: damos condiciones capacitarias sobre la diferencia
simétrica de los dominios que garantizan la convergencia de las soluciones en el problema
del Dirichlet asociado al laplaciano correspondiente al caso de exponente variable. Més
precisamente,

Sea D c R" un conjunto abierto y acotado y sean Q,, Q C D abiertos para todo n. Sea
H ~

p € POYD) con p_ > 1. Si QY > Qy cap,,(Q, \ 2, D) — 0, entonces ), — ul, débil

en W(;’p @ (D).

A continuacién, mostramos que la continuidad de las soluciones del problema de Dirichlet
para el p(x)—laplaciano con respecto del dominio es independiente de f.

Sean D ¢ RN un conjunto abierto acotado, p € PlL(D) con p- > 1y Q,Q, c D tales
que para cada subconjunto compacto K C €, existe ng tal que K c €, para cada n > ng.
Si ug - ug en LPY(D) para cada M > 0, entonces ul — ul en Wé’p (x)(D) para cada

Q, Q
fe WD)y,

¢ En la segunda parte, aplicamos nuestros resultados para probar la extension de un famoso
teorema de Sverdk.

Dicho teorema asegura que, dado un dominio acotado D ¢ R? y una sucesién de dominios
Q, c D tales que Q, — € en el sentido de la topologia complementaria de Hausdorff, la
condicién que garantiza la convergencia de las soluciones en €2, a la solucién en Q es que
el nimero de componentes conexas de D \ €, sea acotado.

La razén por la cual el resultado de Sverdk vale en dimensién 2 es que la capacidad de
las curvas en dimension 2 es positiva, mientras que en dimensiones mds altas las curvas
tienen capacidad nula.

En nuestro caso, fue necesario dar condiciones geométricas sobre la sucesion de domin-
ios aproximantes que garantizan la convergencia de las soluciones para el caso p(x)-
laplaciano.
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Sea f suficientemente integrable. Dados [ € Ny Q c D, sea #Q el nimero de compo-
nentes conexas de D \ Q. Consideramos O;(D) = {Q C D abierto: #Q < [}.

Dados p € P°¢(D) tal que N — 1 < p_ y {Qu}nen € Oi(D) tales que Q, g Q.

Entonces uén — ué en Wé’p (D).



Chapter 5

The fractional diffusion case.

5.1 Continuity of the problems with respect to variable domains

Throughout this section we consider 0 < s < 1 < p < oo to be fixed.

Let D c RN be a bounded, open set and let Q c D be an open set. The Dirichlet problem for
the (s, p)—laplacian consists of finding u € W(‘;’p () such that

{(—A);’,u =f inQ, )

u=0 on Q¢ :=RN\ Q,

where f € WS (D) := [Wy7(D)]'.
In its weak formulation, this problem consists of finding u € W;”(Q) such that

((—A)Is,u, v) = (f,v) for every v € WS"D(Q).

That is, for every v € W,”(Q), the following equality holds

— P2 - -
[ 0 =W 200 w0 2000 .,
RV xRN lx — y["*P
Lemma 5.1. Let f € WP (D) and Q € A(D). Then there exists a unique u € W(‘;’p (Q), which
we will denote u{z solution of (5.1).

Proof. Tt is enough to consider J: Wé’p (Q) — R defined by J(v) := %[v]f, » — {f,v) and observe
that u is solution of (5.1)) if and only if u is a minimizer for J. Since J has a unique minimizer
(observe that J is strictly convex), this completes the proof. O

Now we observe that these solutions u/, are bounded independently of Q.

Q

Lemma 5.2. There is a constant C = C(||fl|-s,p', 5, p,n,|D|) such that IIuélls,p < C for every
Q € AD).

52
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Proof. Let us observe that
[l 12, = (=8l uly = (fuly < Fll-spllied s p.
Combining this inequality with Theorem [3.41] there exists a constant C > 0 such that
||uQ”Sp < Cllfll-s,p ||MQ||s P

from where the conclusion of the lemma follows. O

As an immediate corollary, we have the following result.

Corollary 5.3. Let {Q}reny € A(D). Then, {uék hken s bounded in Wé’p (D) and, therefore, there

f f

s N .
o, }jen C {MQ/; bken such that U, u* weakly in

exists u* € Wg’p (D) and a subsequence {u
j

Wy (D).
The next result is a first step in proving the continuity result.

Theorem 5.4. Let {Qp}ren € A(D) and Q € A(D) be such that i Q. Assume that ugk - u*
weakly in Wg’p (D) for some u* € Wg’p (D) when k — oo. Then

(=A)yu” = finQ,
in the sense of distributions. That is

f f Ju*(x) — w* WIP2 (" (x) = w* M)(B(x) — $(¥))
RN xRN

|x — y|n+sp

dxdy = (f, ), (5.2)
for every ¢ € C°(Q).
Proof. We denote uy, = ”il;k’ and also denote

‘fk(x’ y) |uk(x) — ”k()’)|p ZEZ[;(X) — uk(y))

lx =yl 7~

Then, & € L (RN x RY) and
||§k||Lp ENEN) = [url§,

Therefore, from Lemma we get that {&x}ren 1s bounded in LP/(RN x RM). So, up to some
subsequence, there exists a function & € L” (RN x RV) such that

& — & weakly in L7 (RN x RY).

Therefore,

hm(( Ap)ug, ¢y = hm ff ¢( )~ ¢@)

x y|;+s

5.3)
f f ¢( ) — ¢(Z) dxdy.
RNXRN |x yl
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for all $ € WSP(RN). In particular, (5.3)) holds for every ¢ € C>°(€). Moreover, by the compact-
ness of the immersion W,”(D) c LP(D) (see [16]), since up — u* weakly in W, (D) we can
conclude that uy — u* a.e. in RV, then

Ery) o |u*(x) —u"WIP _zﬂﬁ‘;“) - u*(y)),

lx =yl ¥

a.e. in RN x RN, from where it follows that

* % —2 (% e
£(x.y) = |u*(x) — u* ()| Eip(X) u ()’))' (5.4)

lx =yl 7"

Finally, observe that if ¢ € C°(€2) then ¢ € C°(€) for every k sufficiently large. Therefore,
from (5.3) we conclude that

[, een® 2= dxay = o)
RNVNXRN |x — y|17

The proof is then completed by combining this last equality with (5.4). m|

Remark 5.5. In order to show that u* = u{z, what remains is to show that u* = 0 on Q°. This is

the hard part and is where some geometric hypotheses on the nature of the convergence of the
domains needs to be made.

Theorem 5.6. Assume that the hypotheses of Theorem are satisfied. If, in addition,

cap, ,( \ Q,D) — 0, (5.5

then uék — ué weakly in Wg’p (D).

Proof. As before, we denote uy = u{zk. By Corollary {ui }ren is bounded in Wé’p (D) and
therefore we can assume that u; — u* weakly in W7 (D).

By Theorem the proof will be finished if we can prove that u* € W;"(Q), and by
Theorem [3.54] it is enough to prove that #* = 0 (s, p)—q.e. in Q°.

Consider Qj = UkejQrand E = (54 Qj.
Since ur — u* in Wy”(D), by Mazur’s Lemma (see for instance [20]), there is a sequence

Ny : Ny .
vj = X,2 aque such that @ > 0, 3,7 aj = 1and v; — u* strongly in W (D).

Since ux € W (€), by Theorem|3.54, ity = 0 (s, p)—q.e. in Q. Therefore, 7; = ZkNij aiﬁk =

0 (s, p)—q.e. in ﬂkN':ij]‘; D Q; for every j € N.

Then, ¥; = 0 (s, p)—q.e. in Q; for every j € N and, since Q; cQ we conclude that ; = 0

J ;:+1’
(s, p)—q.e. Q¢ forevery i < j.
On the other hand, since v; — u" strongly in Wg’p (D), by Proposition , Vi, —

(s, p)—q.e. Then we conclude that #* = 0 (s, p)—q.e. in E°.
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In order to finish the proof of the theorem, we show that the capacitary condition (3.5])
implies that Q¢ C E° up to some set of zero (s, p)—capacity.

In fact, since cap, (€ \ ) — 0, passing to a subsequence, if necessary, we can assume that
capm(Qk \Q) < % Therefore,

~ 1
cap, ,(€2;\ Q) = cap; ,(Upz i \ Q) < Z cap ,(Q \ Q) < Z % = 3
k> j k> j

Recall now that E ¢ Q ; for every j € N, then we have that

~ 1
cap, ,(E \ Q) < cap ,(Q;\ Q) < Py for every j € N.

Taking the limit j — oo, we have that caps,p(E \ Q) = caps,p(QC \ E¢) = 0 and the proof is
finished. =

As a simple corollary, we can show that the convergence of the solutions in Theorem [5.6]is
actually strong.

Corollary 5.7. Under the assumptions of Theorem leS] we have that u{zm - ué strongly in

W, (D).

f

0 — ué given by

Proof. The proof is simple. Just observe that from the weak convergence u
Theorem [5.6] we get

[y, 15,y = (fruy ) = (fruy = Wb 15 .

Since Wg’p (D) is a uniformly convex Banach space, the result follows. O

Resumen del capitulo.

En este capitulo analizamos la estabilidad de soluciones respecto a perturbaciones del do-
minio pero, en lugar de hacerlo en el caso asociado al laplaciano correspondiente a exponente
variable, lo hacemos para el caso con laplaciano fraccionario.

Mas precisamente, estudiamos el problema de Dirichlet asociado al operador laplaciano
fraccionario.

El operador (s, p)—laplaciano se define como

>

(=AY u(x) = 2 pv f lu(x) — u)IP 2 (u(x) - u(y)) J
) =2 p.v.

RV |x — yresp

salvo una constante de normalizacion.

El término p.v. debe leerse como valor principal, es decir,

. Ju(x) = u)IP~>(w(x) = u(y))
—A,) u(x) = 21
Al N RM\B(x,€) |x = ylr+sp @
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para todo x € RV,

En este sentido probamos que, dados Q y f, el problema

(=Ap)’u=f enQ
u=0 en RV \ Q,

tiene una dnica solucion.

A continuacién extendemos los resultados de contiuidad con respecto del domino para estos
operadores no locales.

Asumimos que la sucesién de dominios {Q}zen es tal que ©Q; — Q en una nocién de con-
vergencia de conjuntos apropiada.

f f

Nos interesa poder saber entonces si, bajo dicha hipétesis, es cierto entonces que gy, = U

en algiin sentido.
Mais generalmente, deseamos dar condiciones necesarias y/o suficientes para que ello ocurra.
Luego, nuestro objetivo en este trabajo al analizar ecuciones asociadas al laplaciano frac-

cionario fue hallar condiciones capacitarias sobre las diferencias simétricas ;AL para poder

obtener la convergencia de las soluciones ugk - ué.
Arribamos a un resultado de continuidad respecto de los dominios.

Este resultado, una vez mas, estd dado en términos de la diferencia complementaria de Haus-
dorft, pero en esta ocasion involucrando la capacidad fraccionaria como concepto clave:

Sea {Qren € {Q C D : Qes abierto} y Q € A(D). Sea f € (Wg’p(D))’.
Supongamos que kit Qy u{zk — y* débil en Wg’p (D) para algtn u* € W(‘;’p (D).

Entonces es cierto que (—A); * = fin Q en el sentido de las distribuciones:

ff Ju*(x) — w* WIP2( (x) = w ))(B(x) — $(¥)) dxdy = (f,¢)
RNXRN

=1
para todo ¢ € C°(€2), donde (-, -) indica el producto de dualidad.

Si, ademds, cap; (€ \ Q, D) — 0, entonces ”{zk — ug débil en W7 (D).
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Hadamard derivative in image
restoration.

6.1 Introduction

In this section, we describe the Hadamard shape derivative. For further reading on the subject,
see [28]].

Let A be a class of admissible domains and assume that associated to each QO € A we have
a well-defined cost J(£2), that is we have a cost functional J: A — R.

The main objective in shape optimization is to find Q* € A that minimizes the cost J among
all Q € A. To this end, a first step is to find necessary conditions on any optimal configuration
Q.

The main idea is to try to compute a sort of derivative of the cost functional J and that
derivative on the optimal configuration Q* must be 0.

In order to compute a derivative of J we proceed as follows. Let V: RN — R" be a Lipschitz
deformation field. Now, we consider the flow associated to the field V, {®;};cr, ®;: RN — RV
given by

D;(x) = V(D;(x)), Do(x) = x.

Observe that the flow is well-defined since V is Lipschitz. See [[11]].

Let Q c RY be a domain and consider the family of perturbed domains Q; given by Q, :=
D,(Q).

Finally, we define j(¢) = J(Q;) = J(®,(2)) the cost associated to each €2;.

Therefore, if any deformation €; belongs to the admissible class A and if Q is an optimal
configuration, one must have j'(0) = 0.

The explicit form j'(z) in t = 0 is particulary interesing because of two main applications.
First, what neccesary conditions must the optimal domains verify? (in a minimun, the derivative
is 0) and secondly, how to deform a given domain € to minimize its cost? (we mean to obtain a
derivative as negative as possible).

57
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For applications of Hadamard derivative see [28, 41} 42].

6.2 Application to image restoration

In this section we deal with the problem of obtaining an image which is modeled by a function
u: Q - R, where Q = (0,1) x (0, 1) c R2, given a distorted image /: O — R. We assume that
the introduced error, e = u — I, is small and the objective is to recover u from [/ without making
any further assumptions on the error e.

As we detailed in the Introduction, we will now present a method that approximates the one
created by Chambolle and Lions [8]] preserving the good functional properties given by the one
presented by Chen, Levine and Rao [9]].

As we have explained in the Introduction, we start by dividing the region Q into two sub
regions D; and D, such that fori = 1,2,

D; c Q is open, E= D;, DinN D, =0, and§=D_1UD_2. (6.1)

By this division, we make sure that D; contains the regions with boundaries of the image
and D, its complement. One way of creating this division is the following:

D1 ={x€eQ: VG, *1| >}, Dy={x€Q: VG, *1I| <p}.

Here o > 0 is a small parameter and G, is the gaussian distribution with 0 mean and o> variance.

We define an exponent p: Q — R given by

) l1+e ifxeD;
X) =
P 2 if x € Ds.

Then we compute u by minimizing the functional

J(v) = 21_3 fQ [Vv[PX dx + g fg (v—1)7*dx,

where 8 > 0 is a parameter to be determined by the operator of the method.
Once this problem is solved, we want to improve the image found. In order to do that, we
then apply an iterative steepest descent—type method.

To this end, observe that the infimum u of J depends on the chosen domain D;. Hence,
we can define the cost functional J(D{) = J(#) and now we want to compute the Hadamard
derivative of J.

We will assume that the deformation vector field V verifies that supp(V) C €, so that ®,(Q2) =
Q for every t € R.

Then, the regions D; are deformed by ®; and we obtain a family of partitions D! = ®/(D;), i=
1, 2 that verify (6.11]) and we define

) l+e sixeD|
X) =
P 2 sixeDi.
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Observe that p; = po @_,.

Then, for each r € R we define the following functional

1 B
=— | vrWa —f ~ I dx,
) 2/3fgl W dx+ 3 Q(v ) dx

Let 4, be the minimizer of J;,. We can consider the function j: R — R given by j(¢) = J:(u,).
So, the shape (or Hadamard) derivative consists then in computing j’(0).

One important problem in this cases is to obtain an expression as simple as possible for
this shape derivative, that allows us to see for what deformation fields V we obtain the steepest
descent and also to obtain good necessary conditions for optimal partitions.

Then, by finding a good expression for such derivative, we will be able to compute the de-
formations field V which makes it as negative as possible and so choose the optimal deformation
field to then iterate

DM = (id + AtV)(D)).

Remark 6.1. Note that, by Taylor expansion, we have
D;(x) = x+ V(x)t + o(1).
And so we have the following asymptotic formulas:
D®,(x) = 1d + tDV(x) + o(t) = Id + O(1),

JO(x) =1+tdivV(x) +o(t) = 1 + O),
for all x € RV, where J®;, is the Jacobian of @;.

The following proposition, though elementary, will be useful in the sequel and shows that
any diffeomorphism ®: RY — RY, induces a bounded linear isomorphism between Sobolev
spaces.

Proposition 6.2. Let ©: Q) — Q) be a diffeomorphism and p € P(€) be a bounded exponent.

Then, © induces a bounded linear isomorphism
F o WH(Q) — WH(Qy),
where q: Qy — [1,+00) is given by q(x) := p(®~!(x)), by the expression
Fu):=uod .
Proof. We first observe that F is clearly a linear isomorphism with inverse given by
Fle whi( Q) » W@,  Flv)i=vod.

Let us now see that it is also bounded.
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Let us consider 4 > 0 and, for simplicity, let us denote v = ¥ (u). Then, by changing

variables y = ®~!(x),
f |Lx) q(X)dx:f |u(CD_1(x))|17(<I>‘(x))dx
Q! 4 Q

_ fgl |u7(y)’p(y)ﬂp(y)dy

u(y)|p»
<ol [ 2"y
Q)

Let us observe that, if C := ||J®||» < 1, clearly we have

. u(y)|r» . v(y) 190)
lullq, = inf{1 > 0: f ‘ﬂ] dy < 1} > inf(d > 0 f |@] dy < 1} = [vllpa,
o' 4 Q! 4

Let us now assume that C > 1. Then, since

1
Cru(y)|p» u(y) |p® 1
/l>O:f _— dy<1 C{/l>0:f — dys—}
[0 [ [0 el oo [ 0=
(x)
C{/l>0:f|@q dxsl},
Q! 4

e T ) u(y) |po 1
C“WMQHJWWMMQZHﬂﬂ>&‘f|%%’ dy < 5 2 IMllga, = IF g0,
Q

taking infimum, we conclude that

Analogously,
f V(x) q(x) f V(u o ®1)(x) gt
A L T
Qz QZ /l
f Vu(D~ ' (x)) DD~ (x) |p@~' (x) J
= X
@ A
Vu(y) DO H(D(y)) 1p»)
- [ = say) dy
Q
Vu(y)p»
< max(1, 100" 100l [ [Py
Therefore, |[VF (u)lly.0, < ClIVull,.q,, which completes the proof. ]

Remark 6.3. In the previous proof, given A: Q — RMV we considered the norm ||A|le :=

sup||A(x)|| and, given B € RV we considered the norm ||B|| := supE

xeQ ££0 |§|
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Observe that, since supp(V) cc €, it follows that ®,(Q) = Q for every t € R and that if
P = P1XD, + P2Xp, then p; := p o ®_; = pixp, + paxpy, where D = ®(D;), i = 1,2.
Therefore, in view of Proposition|[6.2] we have that

Fr: WhP(Q) —> WP (Q), U uod_,

is a bounded linear isomorphism.
Let us consider the space X; := whri(Q) N L2(Q) equipped with the norm

I lx, == 1 llwee ) + 1 - 2

and the space X := WP(Q) N L2(Q) equipped with the norm

- 1lx =11 llwier) + 1 2@

It is clear that 7;: X — X; is still a bounded linear isomorphism.

Given f € L*(Q), we define the quantity

Y|P — f2
50 = inf [ 2 dx+f|v I
veX; Q Pr le) 2

which is clearly equivalent to

vyl 2
s = inf [ gy M f Vfdx. (6.2)
veXe Jo  pr Q 2 Q

In fact, (1) = s(t) + |1 f15.
Observe that, since 7 is an isomorphism, one actually has

V(uo ®_)P O_,?
s(t):inffde+fudx—f(uoq>_,)fdx.
Q Dt o 2 Q

ueX

So, in view ot our previous discussions, our primary goal is to find an expression for %(0).
Remark 6.4. Let us observe that, by changing variables y = ®_;(x),

s(f) = inf

[VuD®_, o ®,|P |ul?
ueX Q

JO, dy + —J(Dtdy—fufo(D[J(D,dy.
p o 2 Q

Let us call

VuD®_, o ®,|P 2
Tou ::fwm,dw ﬂJthdy—fufo(l)tjq),dy
Q P Q 2 Q

Vul? 2
Ju:=fﬂdy+fﬂdy—fufdy.
o P o 2 Q

and
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Lemma 6.5. There exists 6 > 0 such that the functionals {J;}jy<s are uniformly coercive with
respect to the weak topology of X. That is, for any 1 € R, there exists a weakly compact set
K C X such that

{J; <A} C K, foreverylt <.

Proof. Take 6 > 0 such that & < J®, < 2. Therefore,

VuD®_ @P 2
>_f| “ p’o 4 f" dy —2f|f||u|dy (6.3)

By Young inequality with € = %,

1
> f llldy < 5 f WP dy +8 f R dy. 6.4)
Q Q Q

As D®_, =3 Id uniformly on €, it follows that ||D®;,||, is bounded away from zero and

infinity for every ¢ < &, so
VuD®_; o ®,P
f NuD® o Dl 5 ¢ f Vul? dy. (6.5)
Q p Q
So, combining (6.3), (6.4) and (6.5)), we get

1
Tu > cf [Vul? dy + - f lul* dy — 811 £13.
Q 8 Q

By Proposition we easily conclude that there exists a radius R = R(A) such that {J; < A} C
Bx(0,R).

Therefore, if we denote K := {||ul|x < R}, satisfies our requirements. This finishes the proof
of the lemma. ]

The next lemma is stated for future reference, its proof is standard.

Lemma 6.6. There exists a unique extremal for s(t) and s(0).

Proof. The proof is an immediate consequence of the fact that both J; and J are strictly convex
and sequentially weakly lower semicontinuous on W'”(Q). O

Our first result shows that s(¢) is continuous with respect to ¢ at ¢ = 0.

Theorem 6.7. With the previous notation,

lir(gl s(t) = s(0). (6.6)
t—07*

Moreover, if u; and u are the extremals associated to s(t) and s(0) respectively, then u; — u
weakly in W'P(Q). Finally, if p* := If,’—ivp > 2 then u; — u strongly in W'P(Q).
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Remark 6.8. The hypothesis p* > 2 is needed in order to secure the compact embedding
WhP(Q) c L*(Q) for any dimension N.

For the case N = 2, one has p* > 2 for any p > 1 so no extra hypothesis is needed.

Proof. Since, by Lemma|6.5] we know that the functionals J, are uniformly coercive, the proof
of (6.6) will follow from Remark [A.2]if we show that J, =3 J uniformly on bounded sets of
X. Observe that since the minimizers are unique, we will then have that the whole sequence of
minimizers is weakly convergent.

Let us consider now B C X a bounded subset and u € B. By Remark[6.1]

2
J,u:fw(uoa))dw u(1+0(z))dy fu(fo(l)t)(1+0(t))dy
Q Q

2
—(1 + 0(t)) { f 'V“(Id 00l , f b gy - fg u(f o ®,) dy}.

Again by Remark|[6.1] and by Taylor expansion formula, we get
Vu(ld + O())|? VulP
f|u( + 0(1))| dy:flul dy + O(1),
Q p Q P

uniformly in B.

Assume for a moment that f is a continuous function with compact support. Then, since
@, — id uniformly as t — 0, we have that f o ®, — f uniformly as r — 0 and therefore,

IIqu%—fII%=LIfO‘I’z—flzdxsIIfO‘Dz—fIIfoIQI—>0, (t = 0).

And so we have that ||f o @, — f|l = O, (t = 0).

Now, by a standard density argument, it is easy to see that the same result holds for any
fel*Q).

Then, by Holder inequality and since u € B, there is a constant C, independent of u, such
that

| [ utro@i=pl<cif oo~ -0

ast — 0",
Assume now that p* > 2. It remains to see the strong convergence of u, to u in W'"(Q).

Let us observe that in order to see the strong convergence it is enough to show the conver-
gence of the modulars (see [[18]).

Let us now recall that

Vu,l? 2 Vu,|? Vu,DD_, o O,|P
f| Uy dy"'f Mdy =s(t)+f| Uy dy— [Vu, 1 0 @ J(Dtdy
Q P o 2 Q P

2
Qﬂ(l —J(D,)dy+f£;u,(foCDt)J(Dtdy.
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By Remark [6.1]

YVu.DD_, o O, Vu, — tVu,DV nH|P
J, R gy = [ FEOREEIOE i v ooy
Q p Q P

Using the following Taylor expansion,
Vi, — tVu DV + o) = |Vuy|P — pt|VuyP~>Vu, - Vu, DV + o(t),

we find that

fwﬂbtdy :f IVurl? + t(|Vu|P div V — p|VuP~>Vu, - Vu,DV) dy + o(f).
o Q

p p

And so we have

f Vut, | dy—f \Vu,DD_, o ®,|P I, dy = _f t(|Vu, P div V = p|Vu,|P~>Vu, - Vu,DV) dy+o(r)
Q P Q p Q p

Now, for our fourth term, we only need to observe that % is bounded and 1 — J®; — 0
uniformly.

Then, since s() — s(0) and

fu,(fo(Dt)JCD,dy%fuf,
Q Q

we can conclude that

Vu,|P 2 Vul? 2
fl LI Mdy_’f' L U
Q P Q 2 Q P Q 2

which completes the proof. m|

Now we prove the differentiability of the cost functional s(¢). For this result we will need
the function f to be of class C'.

Theorem 6.9. s(¢) is differentiable at t = 0 and

Q(O):R(u)—fufdidey—quf-de,
dt Q Q

where
Vul? 2
R(u) := f [Vul divV—IVulp_ZVrouDV+divV%dy
Q P

and u is the extremal of s(0).
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Proof. By Lemmal[6.6] we can consider u the extremal of s(0). Then, by Remark [6.4]

VuD®_, o ®,|P 2
s(t)zir}}fjtsjt(u):fw |ul

Now, by Remark|[6.1] as in the proof of Theorem [6.7| we find that

VuD®_; o O, Vul? + t(|Vul? div V — p|VulP~*Vu - VuDV
[VuD®_; o @ J®, dy = IVul? + t(|Vul? div V — p|Vu| u-Vu )dy+0(t).
p Q p
On the other hand, again by Remark[6.1]
Ju® Jul®
" o, dy = —(l+td1vV+0(t))dy
o 2 Q

_ ol Juf?
= —d +1 d1vV—dy+0(t)
Q 2
Therefore, setting
2
R(u) := f NVl vy — \VulP~2Vu - VuDV+d1VVudy,

we can conclude that

|Vul? Jul? .
s(t) < f dy + f —dy + tR(u) + o(¢) — f u(f o ®)(1 +tdivV + o(t)) dy.
Q P o 2 Q

s(O):fW”' f—dy fufdy

S0 _t s©) < R(u)+ — O(Z) fu(fo O divVdy - f u—(fo q;t) _fdy
Q Q

Taking the limit ¢t — 0%, we get

Recall that

Therefore,

limsupw SR(u)—fufdidey—quf-de,
Q Q

t—0+

where we have used the fact that @y = id and ®, = V o @,.

Let us consider now {#,,},en such that 7, — 0% and

. s(r) — 5(0) $(tn) — 5(0)
liminf —— = lim .
t—0+ t n—oo tn

Let u, := u;, € X;, be the extremal associated to s(#,). By Remark 6.4

|VunD(D—tn © (Dt,l|p |l4n|2
s(ty) = JO; dy + JO,; dy - u, fo®, JO, dy
Q p 2 Q

JO, dy + —JCDtdy fufoCDtJ(Dtdy.
o 2 0

65



66 CHAPTER 6. HADAMARD DERIVATIVE IN IMAGE RESTORATION.

Arguing as in the previous case, we have that

ta) — s(0 Vi, |P 2
30tn) = 5O) f Vrl” v v — (Vi 2Vt - Vit DV + dliv v
In Q P 2

+0(t")—fun(foq),n)diVde—funMdy
Q

In Q In

=Riuy) + 22 - f un(f 0 ®,,) div Vdy - f AL AL
Q

n Q In

dy

Since R(u,) — R(u) when n — oo (just observe that R is continuous with respect to the strong
topology and u,, — u in W"P(Q) by Theorem , we have

1iminfw ZR(u)—fufdiVde—quf-de.
Q Q

t—07t

And so we can conclude that s(¢) is differentiable at r = 0 and

é(0):R(u)—fufdidey—‘quf-de,
dt Q Q

where u € X is the extremal of s(0). This completes the proof. O

6.3 Improvement of the formula.

Now we try to find a more explicit formula for s’(0).

In the following study, we will need the solution u to

{ —Ap(x)u +u=f inQ,

u=0 onodQ, 6.7)

to be C 120c(D1) NnC 120c(D2) in order for our computations to work. However, this is not true since
the optimal regularity is known to be Cll(;g(D]) N C-¥(D,). See [49].

loc
In order to overcome such difficulty, we will proceed as follows.

6.3.1 Formal computations.

Now we try to find a more explicit formula for s'(0). To make the ideas more transparent we
first assume the solutions are smooth.

We consider the solution u to the following equation

{ —Apu+u=f inQ, 68)

u=0 ondQ,

Remember that A,yu = div((|Vau|P®~1,
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Now, since
div(ju*V) = 2uVu - V + |ul* div V,

div(|[Vul'V) = g|Vul!>VuD?u - V + |Vul? div V
for any constant exponent g. Therefore, if p equals p; in D and p; in D>, we have that
1

ds
2200) =
df() D1

f div((Vul”' VYdy — | |Vul"'2VuD?*u - V dy
Dy D

1
+— | div(|VulP?V)dy — f \VulP>~2VuD?u - V dy — f \VulP~2Vu - VuDV dy
P2 JUp, D, Q

1
+—fdiv(lule)dy—qudey—fufdidey—quf-de.
2 Ja o Q Q

Let us call v; the exterior unit normal vector to dD;. Analogosuly, v, will denote the exterior
unit normal vector to dD;.

Since D; and D, are disjoint sets, we have that

f div(lul*V)dy = f div(lul*V) dy + f div(|ul*V) dy
D1UD;

Dy D,

:f |u|2v-v§d5+f ul*V - v, dS
(')D] (9D2

=f >V - v, dS + |u|2v-v1d5+f >V -vodS + | |[uPV -y, dS.
OD1\I' I 0Dy\I'y I

Since supp V cC Q,

f >V - v, dS :f ul>V - v, dS = 0.
aDl\l"l 6D1\r2

Therefore, taking into account that VuD?*u -V = Vu-D*uVT,
1

d 1
Boy==| vuv-vids + — | [Vu2v-v,ds
dt P1Jr, P2 Jr,

- f IVulP~2Vu - (D*uVT +VuDVydy + | [PV -vidS + | |ufV-v2dS
D1UD; I I

—f uVu-de—f ufdiVde—f uvyf - Vdy.
D{UD; DUD; D1UD;

Since u is a weak solution of our equation, we can conclude that

d 1 1
—S(O) = —f [VulP'V -vi dS + — [VulP2V - v, dS
dt P1 Jr, P2 Jr,

+ | uPV-vids + |u|2V-V2dS—f (fVu-V+ufdivV+uVf-V)dy,
I I D1UD,
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Observe that

f (fVu-V+ufdiVV+qu-V)dy:f div(ufV)dy
DEUDS

DSUDS

=f diV(us)dy+f diV(us)dy=f us'vde+f ufVv-v5ds =0
DS DS oD%

aDs
Since v| = —v»,

>V -vidS + | [uPV-v,dS =0.
I I

Therefore we obtain the following expression for the shape derivative

1 1
— VulP'V -vidS + — [VulP2V - v, dS.

ds
—(0) =
dt P1 Jr, P2 Jr,

If T = D, N D, and we denote [|Vu|P] := |[VulP' — |Vu|P2, we can conclude that
d 1
GO = [ vy as.
dt rp

which is a more explicit formula for %(0).

6.3.2 Domain regularization.

Let us first define D;(¢) := ©,(D;).

Now given a fixed ¢ > 0, we define the following sets
DY :={x e D;: dist(x,D;) > 6}, i # j
and consider Df (1) := ®,(D?). And now consider the sets
S -— AN
I3 (1) := 0D (1) N Q.

Let us observe that, in each Df, the exponent p(x) = p; is constant so we can apply the classic
regularity results. See for instance [49].

Now we define the sets A5 := Q \ (D} U DS) and observe that

A NQ=TSUTY

Q=DjuDSUA°
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Figure 6.1: Partition of Q

6.3.3 Operator regularization.

Now, for € > 0, we consider the regularized problems

—div((VVP + )T V) +v = F¢ in DO(r),
v=0 ondQn (D) U D5), (6.9)
v=u(0)o® ' onT?(),

with f€ € C* such that f¢ — fin L.
Remark 6.10. Applying classical estimates (see for instance [20] it is possible to see that the

solution of (6.9) is Clzo’f(Df) N Cl(D_f) if € > 0, since u(0) is C'(D?) and @, is the identity map
in a neighborhood of 9€Q2. See also [49] for regularity estimates in Sobolev spaces.

Let us define the following sets

X0 := {v € W"P(D?) such that v = 0 in 8Q N D and v = u in T?).

X0(t) := {v € W"Pi(D2(1)) such that v = 0 in 8Q N D(r) and v = u(0) o ®; " in [?(1)}.

Let us also consider the functionals jf’f: Xl‘.s(t) — R defined by

pi
- Vv|? + €%)2 2
795 (v) ;:f W re)” dy+f A dy—f vfe dy.
’ Do) pi Dl 2 A0

Remark 6.11. Xf(t) is strongly closed and convex, therefore it is weakly closed.
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Remark 6.12. The solutions of (6.9) are the minimums of the functionals J f’i‘s in X2(1).

Since the functional jf’l.‘s is continuous for the strong topology, strictly convex and coercive,

it has a unique minimum in X?() and, therefore, (6.9) has a unique weak solution.

We will denote ﬁf"s

Remark 6.13. Observe that ¢;: X? — X(#) defined by v — v o ®;! is a biyection between X?
and Xf(t) and the following equality holds

(1) as the function where the minimum is attained.

€,0 _ T€,0 -1
J]t,i _Jt,i O(ﬁt '

By changing variables as in the previous section we get the functional Jf’f: Xf — R given
by

Pi
VvDD_, o d,? + €2)2 2
iy e [Pl )T L [ a = [ vpeo 0w, dy.
o D pi p 2 D

and define
€,0 . €,0 . =€,0
s = 1nf I (v) = inf I77(v).
! vex? 1t vex?(n '

We will denote uf’é(t) € Xf as the function where the minimum of J f’f is attained.

Observe that uf(1)(x) = & (H)(D4(x)).

In order to make the notation lighter, we will focus on the needed parameter in each step.
First, u;, then 1€ and finally, ul.

o 0

Let us now define s€¢ as 59 := sf’ + sg’ )

Proposition 6.14. If 2 < p7, then uf"s(O) converges to u?"s(O)(: uf) strongly in WhPi (Df) and
sf’é(O) converges to s?"s(O)(: sf(O)) when € — 0.

Proof. Let us begin by observing that

bi
\v, 2 + 2\ 2
O ;:f—(l A re) dy+f_—|v| dy—fvffdy.
’ D pi ps 2 D

Now let us denote 5 5
\Y
Jf(v)::f Vv a’y+f ﬂa’y—f vfdy.
D} Di D’ 2 D’

Observe that Jg’f, Jf W) : Xl‘.s — R. By Theorem it is enough to prove that Jg’f I'- converges
to JT? in Wl’pi(Df) for the weak topology.

First, let v¢ — v weakly in Wl’l"'(D?). Let us observe that v € Xf since X? is weakly closed.

Observe that the first and second terms in Jf are convex and strongly continuous, therefore
weakly lower semicontinuous. And the third term is linear and continuous, therefore weakly
continuous.
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Therefore,
() < im I (v) < 1iminfjgf<vf) + fD V=)

Applying Holder’s inequality for the last term above, we have that

[ =< s -

Since [[v€||,; is bounded (because of the weak convergence) and /€ — fin LPi, the last term goes
to 0.

Now, taking {v¢} = v as recovery sequence, we have that Jg";(v) — J&9(v), which completes
the proof. O

Performing analogous computations as in the previous section, we can see that sf"s(t) is
differentiable at # = 0 and

ds<°(0
i O R () —f usl £ div vV dy —f UV FE -V dy
dt t ! Db ! D(5 t

i i

where

v 2 N i §
rw = [ RO vy - (vl + 190 oV div v,
D’ '

1

. . ds°0) . . o
Since the expression of ——— given above only involves first derivatives, we can conclude

the following result from Corollary

ds&°(0)
dt

ds?°(0)

o when € — 0.

Proposition 6.15.

converges to

Observe that, by Propositions[6.14|and[6.15] if we find an expression for the shape derivative
of the regularized operator, we will have found one for the original operator.

6.3.4 Improvement of the formula for the regularized operator.

Our main concern in this part of our work will be to find a formula for the shape derivative that
does not involve second order derivatives. Therefore, we will be able to pass to the limit when e
goes to 0. And so, by Proposition[6.15] we will have found an expression for the shape derivative
of the original operator.

We start with some preliminaries computations in which we will see the need to have C?
regularity for our solutions. Since

div((IVuP + €)% - V) = %(wueﬁ + ) TTIDIVUP + €2) -V + (Vus]? + €17 divV

= piIVuP + )T IVUEDMUE -V + (Vi P + €2)7 divV,
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we have that

1 i 1 i i
— | qvuP+ 7 divv = = f div((IVuP + )7 V) - f (VuP + )2 'VucD?us - v
pi Jp? Di Jp? D}

Therefore,

01 : :
— 0= — f div((VusP + )7 V) - f (VuP + ) I'VucD?us - v
Pi Jp? D

1

i 1
- f (VuP + €))7 1Vus - VDV dy + = f div([u€[>V) dy
D 2 Jps

—f uEVue-de—f ufffdiVde—f uvye - vVdy.
D° D° D°

Let us call vf the exterior unit normal vector to (9D§S and observe that, since supp V cC Q,

f div(u V) dy = f PV -2 ds.
D¢ o

Since u€ is a weak solution of our equation, for every test function ¢ we have

)
f(quE|2+62)p2VuEV<p+f ufgozf fo.
D° D? D?

Let us consider ¢ = Vu€ - V as a test function. Since V(Vu€ - V) = D*u¢ - V' + Vu¢DV, we get
€2, 2\ 22 €2, €.yt € €2, 23E2 € € € € €
(Vus|*+€7) 7 Vu* (D*u*-V'+Vu*DV) = (\Vu|"+€e?) 7 Vu"-nVu*-V+ | (f*—u)Vu"-V.
D? re D°
And, since V has compact support in 2, we arrive at

;=2 =2
f (IVus]> + GZ)ITVME -nVut -V = f (IVus)> + ez)pTVue . vaue -V.
o8 Y

Therefore, taking into account that Vu¢D?u¢ - V = Vu¢ - D*u¢V7, we have that

ds° 1 i Py
d—’t(O) = — f (quel2 + 62) : Vv;-S - f (IVLfI2 + 62) ’ VMEV?VMEV
pi Jro r

1
+= f P Vv — f (VU -V +ufodivV +uVfe- V) dy.
2 Jp D?
! ! div(ue f€V)
Again since V has compact support in €2, we have that

f_div(ufffV)dy:f U FEV V0 dS :fufffv-v?ds.
DY oD? 9

I
i



6.3. IMPROVEMENT OF THE FORMULA. 73

Observe that we arrive at an expression for the shape derivative that does not involve second
order derivatives of u®:

€,0 i

ds’ 1 Di Pi_q
L 0)=— f (quE|2 + 62) 2yy0 f (|sz|2 + 62) 2 VU VUV
dt Di Jre ! I !

i
1 €12 o € re o
+= u|"Vvi — u fV-vids.
2 Jre o

i

6.3.5 Back to the original operator: the limit when € goes to 0.

Now we able to apply Tolksdorf’s regularity estimates (see [49]). These estimates give us uni-
form bounds for ||u€||-1.« so we have u€ — uin C'. And so we can pass to the limit when € goes
to 0. Therefore,

ds™® 1 1
— 0= — | |VuPivy? - IVulP 2V VuV + = v — | ufv-2ds.
1 1 1 1
dt pi Jro e 2 Jpo e

In conclusion we arrive at

ds™0 ?’5 sg’5
0) = 0) + 0
70 =—-0)+—=0
1 1
=— | IVu"Vvd + — f IVul”? Vv — f Vul” 2V VuV — | [VulP> 2VuyVuV
pr Jre P2 Jrg re s

1 1
+—f |u|2Vv‘15—f us-v‘lst+—f IuIZVVg—f us-vgdS.
2 i 2n r3

Let us now observe that v‘lS — v and vg — vy = —v; when 6 — 0. Therefore, taking limit when
0 — 0, the last four terms in the expression above vanish and so we have proved the following.

Theorem 6.16. Let Q C RN be open and bounded. Let D,D, C Q be such that (6.11) is
satisfied, let p = p1xp, + paxp,, where 1 < py < pr andT = Dy N D;.

Let V: RN — RN be a Lipschitz deformation field, such that spt(V) cc Q and let s(t) be
defined by (6.2)). Then, the following formula for the derivative s'(0) holds:

ﬁ(o): f ['Vu|p]V-vdS - f [(IVulP~21(Vu - v)(Vu - V) dS,
dt r- p r

f[f]G-vdS:zlim[ffG-vldS—ffG-vzdS].
r =0\ Jre r

Resumen del capitulo.

where

Sea A una clase admisible de dominios.

Asumimos que, asociado a cada Q € A, tenemos una funcidn de costo bien definida J(€2),
es decir, un funcional de costo J: A — R.
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Nos interesa encontrar Q* € A que minimice el costo J sobre todos los Q € A.

La principal idea es tratar de computar una especie de derivada del funcional del costo J y
que esa derivada en la configuracion 6ptima Q* sea 0.

Sea V: RN — RY un campo de deformaciones Lipschitz. Consideramos el flujo asociado al
campo V, {®}er, @;: RY — RY dado por

D, (x) = V(O(x)), Qo(x) = x.

Sea Q ¢ RN un dominio, consideramos Q; := ®,(Q).
Finalmente, definimos j(¢) = J(£),) el costo asociado a cada €2,.

Por lo tanto, si cualquier deformacién €, pertenece a la clase admisible A y si Q es una
configuracion 6ptima, debe suceder que j'(0) = 0.

La forma explicita de j'(f) en t = 0 es particularmente interesante por dos aplicaciones
principales:

e Qué condiciones necesarias deben verificar los dominios éptimos? (en un minimo, la
derivada es 0)

e Como deformar un dominio dado € para minimizar su costo? (nos interesa obtener una
derivada lo mds negativa posible)

Analizamos el problema de obtener una imagen modelada por una funcién u: O — R, donde
Q =(0,1)x(0,1) c R?, dada una imagen distorsionada /: Q — R.

Asumimos que el error, ¢ = u — I, es pequefio y el objetivo es recuperar u a partir / sin
hipétesis adicionales sobre el error e.

Dividimos la regién Q en dos subregiones D; y D; tales que parai = 1,2,
D; c Qes abierto, D; = D;, DN D> =0, yQ =D UD:. (6.10)

Asi, D contiene las regiones con bordes de la imagen y D, su complemento.

Definimos el exponente p: Q — R dado por

) l1+€ sixeD
XxX) =
P 2 SixGDQ.

Luego computamos # minimizando el funcional

J(v) = ;—ﬁ fg [Vv[P® dx + g fg (v—=1)7*dx,

donde 8 > 0 es un pardmetro que debe ajustar el operador del método para cada imagen.
Una vez resuelto este problema, nos interesa mejorar la imagen encontrada.

Observemos que el infimo u de J depende del dominio elegido D;. Luego, podemos definir
el funcional de costo J(D;) = J(u) y ahora nos interesa computar la derivada de J.
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Asumiremos que el campo de deformaciones V verifica que supp(V) cc Q, luego @,(Q2) = Q
paracadat € R.

Obtenemos una familia de particiones D! = ®,(D;), i = 1,2 que verifica (6.11) y a partir

de la cual definimos
o l+e sixe D’1
X) =
b 2 sixeD

Luego, para cada t € R definimos el siguiente funcional:

1 B
) == | VP4 —f - I dx,
(V) 2ﬁf9| vl x+3 Q(v ) dx

Sea u, el minimizante de J,. Consideramos j: R — R dada por j(¢) = J;(u).
Luego, la derivada de forma (o de Hadamard) consiste en computar j’(0).

Obteniendo una buena expresion para esa derivada, podremos computar el campo de defor-
maciones V que la hace lo mas negativa posible y elegir el campo de deformaciones 6ptimo para
luego iterar D = (id + AtV)(Dy).

En este sentido obtuvimos el siguiente teorema:

Consideremos el espacio X := whr(Q) N L2(Q) equipado con la norma

- 1lx =11 llwier) + 1 - 2@

Dada f € L*(Q),

V(uo ®_) D_?
s(t) = inffde+fudx—f(uoq)_t)fdx.
ueX Jo 1Z o 2 Q

verifica que
lim s(7) = s(0).
t—0*

Maés atn, si u; y u son los extremales asociados a s(¢) y s(0) respectivamente, entonces u; — u
débil en WHr(Q).
P

Finalmente, si p* := N—ivp > 2 entonces u; — u fuerte en WH2(Q).

A continuacién probamos la diferenciabilidad del funcional de costo s(7):

Sea f sea de clase C', entonces s(¢) es diferenciableent =0y

@(O):R(u)—fufdidey—quf-de,
dt o o)

donde )
Yul?
R(u) := f Vul” vy - IVulP2Vu - VuDV + div V% dy
Q P

y u es el extremal de s(0).

Por tltimo nos interesa dar una férmula mas explicita para s’(0). Para ello, dado 6 > 0 fijo,
definimos Df ={xe€D;: dist(x,D;) >}, i # jy Ff = (9D;S N Q.
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En cada Df, p(x) = p; es constante asi que podemos aplicar los resultados clésicos de
regularidad.

A través de esta regularizacén, pudimos presentar una mejora de la férmula de la derivada
de forma del costo. Mas precisamente, Sea Q c RV abierto y acotado. Sean Dy, D, C Q tales
que (6.11), sea p = pixp, + paxp,, donde 1 < p; < p, yI'=D; N Dy.

Sea V: RY — RY un campo Lipschitz de deformaciones tal que spt(V) cc Q. Luego,

ﬁ(o): f ['Vu|p]V-vdS— f [IVulP21(Vu - v)(Vu - V) dS,
r- p r

f[f]G-vdS :=lim[f fG-vldS—ffG-vzdS).
r =0\ Jr? r

2

donde

La obtencién de una férmula que permita el cilculo de dicha derivada de manera efectiva resulta
de suma importancia en aplicaciones concretas.

Conclusiones.

En la tesis estudiamos la estabilidad respecto de perturbaciones del dominio para las ecua-
ciones no lineales dadas por el p(x)-Laplaciano y para el problema no local asociado al Lapla-
ciano fraccionario.

Estos resultados representan, en el caso del p(x)-Laplaciano, una importante generalizacién
del caso con exponente fijo obtenido por V. Sverdk en 1993.

Dicho teorema asegura que, dado un dominio acotado D c R? y una sucesién de dominios
Q, c D tales que Q, — Q en el sentido de la topologia complementaria de Hausdorff, la
condicién que garantiza la convergencia de las soluciones en €, a la solucién en Q es que el
nimero de componentes conexas de D \ Q, sea acotado.

La razén por la cual el resultado de Sverdk vale en dimensién 2 es que la capacidad de
las curvas en dimension 2 es positiva, mientras que en dimensiones més altas las curvas tienen
capacidad nula.

En nuestro caso, fue necesario dar condiciones geométricas sobre la sucesion de dominios
aproximantes que garantizan la convergencia de las soluciones para el caso p(x)-laplaciano.

Sea f suficientemente integrable.
Dados / € Ny Q c D, sea #Q el niimero de componentes conexas de D \ Q.
Consideramos O;(D) = {Q C D abierto: #Q < [}.

Dados p € P¢(D) tal que N — 1 < p_ y {Q.}penr € Oy(D) tales que Q, kil Q. Entonces

ugn - ”{z en Wé’p (x)(D).

Analizamos también propiedades de diferenciacion respecto de la forma (derivada de Hadamard)
para el funcional de energia asociado al p(x)-laplaciano exhibiendo una expresién computable
para dicha derivada en el codantexto de la aplicacion de esta herramienta para el problema de
reconstruccioén de imdgenes via minimizacién de un funcional adecuado. Nuestro principal re-
sultado en ese sentido es el siguiente: Sea Q) C RY abierto y acotado. Sean D, D, C Q tales
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que
D; C Qes abierto, D; = D;, DN Dy, =0, yQ =D; UD,. (6.11)

Sea p = pixp, + p2xp,, donde 1 < py < pyy['= Dy N Ds.
Sea V: RY — RY un campo Lipschitz de deformaciones tal que spt(V) cc Q. Luego,

@(0): f ['V”|p]v-vds - f [(IVulP~21(Vu - v)(Vu - V) dS,
dt r- p r

donde
f[f]G-vdS = lim fG-vldS—f G v, dS |.
r -0\ Jr? r

Por otra parte, en el estudio del problema de Dirichlet para el p(x)-laplaciano, analizamos
las condiciones necesarias para asegurar la estabilidad de soluciones respecto de perturbaciones
en el dominio. En este sentido, nuestro resultado mds relevante garantiza la convergencia de
los minimizantes bajo convergencia de los dominios bajo hipétesis que involucran la distancia
complementaria de Haussdorft y la p(x)-capacidad.

Sea D c R" un conjunto abierto y acotado y sean Q,,Q C D abiertos para todo n. Sea

f

H
p € PL(D) con p->1.81Q, - Qy capp(x)(Qn \ Q,D) — 0, entonces u, — ug débil en

W, P(D).

Mas atn, pudimos probar que la continuidad de las soluciones del problema de Dirichlet
para el p(x)—laplaciano con respecto del dominio es independiente de f, como se detalla a
continuacion:

Sean D c R" un conjunto abierto acotado, p € P'°2(D) con p_ > 1y Q,Q, c D tales que
para cada subconjunto compacto K C Q, existe ng tal que K C €, para cada n > nyp.

Si ugn - ug en LPY(D) para cada M > 0, entonces uén — ”{z en Wé’p (x)(D) para cada
f e WD)y,

También estudiamos la estabilidad de soluciones del el problema de Dirichlet respecto a
perturbaciones del dominio pero para el caso del laplaciano fraccionario. Nuestra principal con-
clusién en este sentido se presenta en un teorema que da condiciones necesarias para asegurar la
continuidad respecto de los dominios, una vez mds en términos de la diferencia complementaria
de Hausdorff y la capacidad fraccionaria.

Consideramos el siguiente espacio que posee la estructura natural de un espacio métrico con
métrica d:
AD) :={Q c D : Qes abierto}.
Sea {Qlren € AD) y Q € A(D).
H
SiQ - Qy ”i];k — u* débil en W (D) para algin u* € W;" (D), entonces (—A)ju* =

fin Q en el sentido de las distribuciones:

f f e (x) = w* WIP2 (0 (x) = w* ))(B(x) = $(¥))
RN xRN

FERED

dxdy =<f, ),
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para todo ¢ € C°(Q).

Si, ademads, caps’p(Qk \ Q, D) — 0, entonces ugk - ug débil en Wg’p (D).

En conclusidn, presentamos los siguientes resultados principales:

e Damos condiciones capacitarias sobre la diferencia simétrica de los dominios que garan-
tizan la convergencia de las soluciones en el caso del laplaciano asociado al exponente
variable.

e Damos condiciones geométricas sobre la sucecién de dominios aproximantes que garan-
tizan la convergencia de las soluciones en el caso del laplaciano asociado al exponente
variable, resultado que generaliza un teorema cldsico de V. Sverdk.

e Damos condiciones capacitarias sobre la diferencia simétrica de los dominios que garan-
tizan la convergencia de las soluciones en el caso del laplaciano fraccionario.

e Demostramos la existencia de la derivada de forma para un funcional de energia asociado
al laplaciano asociado al exponente variable en un modelo proveniente de restauracién
de imdgenes. Y obtenemos una formula para dicha derivada que resulta efectiva para el
célculo de la misma.



Appendix A

Gamma convergence results

In this appendix we will recall some basic concepts of I'—convergence that are needed in the
present paper. Although these results are well-known, we decide to include this appendix in
order to make the paper self contained. Also, the results presented here are not stated in the most
general form, but in a for that will be enough for our work. For a complete presentation of the
theory of I'—convergence, see the book of Dal Maso [13]].

Let ¢, and ¢ defined in a topological space X; with T2 topology. For our applications, X;
will be a Banach space and we will consider the weak topology. Then, a family of functionals
Y, [-converges to ¢ if

o (liminf inequality) x,, —. x implies that /(x) < lim inf ¢,(x,) and
o (limsup inequality) there exists y, — x such that ¥(x) > lim sup ,,(y,).

Theorem A.l. Let X be a Banach space, C C X closed and convex. Let ;. C — [—co, co] be
weakly lower semicontinuous, strictly convex and uniformly coercive functionals (i.e. for every
A, the set {x € C : y,(x) < A} C B, for every n), then infc ,, = min¢ ,, — infcy = ming .

And, if x,, € C is such that y,(x,) = ming ¥, then (x,) es precompact and y(xy) = ming ¥
where xo = lim x,,.

Proof. Let us start by observing that, since i, weakly lower semicontinuous, strictly convex
and uniformly coercive functionals, for every n there is a unique x, such that ,(x,) = infc ¢,
and (x,) is bounded if ¥, (x,) is bounded. Let us consider now the following recovery function:
x € C such that y, — x. Therefore,

Yn(xn) = iléf Un < Yn(yn)
And so for every x we have that

lim sup ¥, (x,,) < limsup ¥, (y,) < ¥(x).

Therefore,
lim sup ¥, (x,,) < irclfz,// < o0

79
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and we can conclude that x,, € {x € C : ¥,(x) < A} C B, for every n > ng taking 4 = infc y + 1.
So (x,) is bounded and, via subsequences if necessary, x, — xg € C (remember that C is convex
and closed, therefore weakly closed)).

Finally, observing that

iréf ¥ < Y(xp) < liminf ¢, (x,) < lim inf(irclf Un),

the proof is completed. m|

Remark A.2. If Y, —  point-wise, the inequality of the inferior limit (it is enough to take y,
equal to x for every n) always holds. Therefore, to obtain the convergence of the functionals it
would only be necessary to check the superior limit inequality.
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